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important mathematical tool in forming engineering application into mathematical models. Wide
application of calculus makes it imperative to develop methods of solving differential equations.
The knowledge of limit, derivative and derivative needs to be exhaustively practiced. To help a
systematic growth of skill in solving equation by calculus method will be the endeavor of this
course content. Understanding the concept of co-ordinate system in 3D in case of lines, planes
and sphere and it's use to solve Engineering problems. After completion of the course the
student will be equipped with basic knowledge to form equations and solve them competently.
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4 Integration 15 24
5 Differential Equation 12 12
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VECTORS
INTRODUCTION:-

In our real life situation we deal with physical quantities such as distance, speed,
temperature, volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of a certain place and space occupied in a confined portion
respectively.

We have also come across physical quantities such as displacement, velocity, acceleration, momentum
etc, which are of different type in comparison to above.
Consider the figure-1, where A, B, C are at a

distance 4k.m. from P. If we start from P, then S "
covering 4k.m. distance is not sufficient to describe
the destination where we reach after the travel, So B 4 km -
here the end point plays an important role giving
rise the need of direction. So we need to study L
about direction of a quantity, along with magnitude. i

Fig - 1

OBJECTIVE
After completion of the topic you are able to :-
i) Define and distinguish between scalars and vectors.
ii) Represent a vector as directed line segment.
iii) Classify vectors in to different types.
iv) Resolve vector along two or three mutually perpendicular axes.
v) Define dot product of two vectors and explain its geometrical meaning.
vi) Define cross product of two vectors and apply it to find area of triangle and parallelogram.

Expected background knowledge

i) Knowledge of plane and co-ordinate geometry
i) Trigonometry.

Scalars and vectors

All the physical quantities can be divided into two types.
i) Scalar quantity or Scalar.
i) Vector quantity or Vector.
Scalar quantity: - The physical quantities which requires only magnitude for its complete specification is
called as scalar quantities.
Examples: - Speed, mass, distance, velocity, volume etc.

Vector: - A directed line segment is called as vector.




Vector quantities:- A physical quantity which requires both magnitude & direction for its complete
specification and satisfies the law of vector addition is called as vector quantities.
Examples: - Displacement, force, acceleration, velocity, momentum etc.

Representation of vector:- A vector is a directed

line segment ABwhere A is the initial point and B is A > B

the terminal point and direction is from A to B. (see _

fig-2). ree

Similarly BA is a directed line which represents a vector P

having initial point B and terminal point A. # B .
Fig-3

Notation: - A vector quantity is always represented by an arrow (—) mark over it or by bar (=) over it. For
example AB . It is also represented by a single small letter with an arrow or bar mark over it. For example
a.

Magnitude of a vector: - Magnitude or modulus of a vector is the length of the vector. It is a scalar
guantity.

Magnitude of 4B = | AB | = Length AB. = AB

Types of Vector: - Vectors are of following types.

1) Null vector or zero vector or void vector: - A vector having zero magnitude and arbitrary
direction is called as a null vector and is denoted by 0.
Clearly, a null vector has no definite direction. If d = "AB, then d is a null (or zero) vector iff |& |: Oi.e.if
|4B |=0
For a null vector initial and terminal points are same.

2) Proper vector: - Any non zero vector is called as a proper vector. If | a | # 0 then ~d is a proper vector.

3) Unit vector : - A vector whose magnitude is unity is called a unit vector. Unit vectors are denoted by a

small letter with ~ over it. For example a. |a|=1

Note: - The unit vector along the direction of a vector ~d is given by

—_—

~ a
a=-—

d|




4) Co-initial vectors:- Vectors having the same

initial point are called co-initial vector.

In figure-4, 0A,0B,0C,0D and OF are Co-initial

vectors.

Y
o

Fig-4 E

5) Like and unlike vectors: - Vectors are said to be like if they have same direction and unlike if they

have opposite direction.

6) Co-Linear vectors:- Vectors are said to be
co-linear or parallal if they have the same line of
action. In f figure-5 AB and BC are collinear.

7) Parallel vectors: - Vectors are said to be
parallel if they have same line of action or have line
of action parallel to one another. In fig-6 the vectors

are parallel to each other.

8) Co-planner Vectors: - Vectors are said to be
co-planner if they lies on the same plane. In fig-7

vector d, b and ¢ are coplanner.

9) Negative of a vector: - A vector having
same maghnitude but opposite in direction to that of
a given vector is called negative of that vector. If d
is any vector then negative vector of it is written as
-dand |d |=|-d | but both have direction
opposite to each other as shown in fig-8.

10) Equal Vectors: - Two vectors are said to be
equal if they have same magnitude as well as

same direction.

Thus @ =b

®
®
Y
L

Fig-5

A %
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Remarks:- Two vectors can not be equal
i) If they have different magnitude .
ii) If they have inclined supports.
iii) If they have different sense.

Vector operations
Addition of vectors: -
Triangle law of vector addition: - The law states that If two vectors are represented by the two sides of a

triangle taken in same order their sum or resultant is represented by the 3™ side of the triangle with

direction in reverse order.

As shown in figure-10 @ and b are two vectors

represented by two sides OA and AB of a triangle

ABC in same order. Then the sum d+b is
represented by the third side OB taken in reverse

-

order i.e. the vector a is represented by the

directed segment 04 and the vector b be the

directed segment AB, so that the terminal point A of
d is the initial point of b. Then OB represents the
sum (or resultant) (a + F) Thus OB =d + b

Note-1 — The method of drawing a triangle in order to define the vector sum (a + b_)) is called triangle law of
addition of the vectors.

Note-2 — Since any side of a triangle is less than the sum of the other two sides

|0B |# |04 |+|4B |

Parallelogram law of vector addition: - If @ and b

are two vectors represented by two adjacent side
of a parallelogram in magnitude and direction, then
their sum (resultant) is represented in magnitude

and direction by the diagonal which is passing

through the common initial point of the two vectors.
As shown in fig-1l if OA is @ and AB is b then OB B =1t
diagonal represent a + b .

ie.d+b=0A+AB
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Polygon law of vector addition: - If @ , b, and d
are the four sides of a polygon in same order then
their sum is represented by the last side of the

polygon taken in opposite order as shown in

figure-12. ‘ R

Subtraction of two vectors

If @ and b are two given vectors then the subtraction of b from d denoted by a - b is defined as addition of
-bwith d. i.e. d-b=d+ (-b).
Properties of vector addition:- i) Vector addition is commutative i.e. if a & b are any two vectors then:-
d+b=b+d
ii) Vector addition is associative i.e. if a , B, ¢ are any three vectors,
then (d+b)+é= d+ (b+0)
iii) Existence of additive identity i.e. for any vector a , 0 is the additive
identityi.e. 0+d=d+0= d where 0 isa null vector.
iv) Existence of additive Inverse :- If d is any non zero vector then -d is
the additive inverse of d, so that d@ + (—d) = (-d) + @ = 0
Multiplication of a vector by a scalar : -
If @ is a vector and k is a nonzero scalar then the multiplication of the vector a by the scalar k is a vector
denoted by kd or @k whose magnitude | k | times that of d.
iekd = |k|x|a |
=k x |d |ifk=o0.
=(k) x| d |ifk<0.
The direction of ka is same as that of a if k is positive and opposite as that of d if k is negative.
kd and d are always parallel to each other.
Properties of scalar multiplication of vectors :-
If h and k are scalars and @ and b are given vectors then
i) k (@ + b) =kd + kb
i) (h+k)d = hd + kd, (Distributive law)
iii) (hk)a = h(ka), (Associative law)
iv) 1.d=d

v)0.d=0
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Position Vector of a point
Let O be a fixed point called origin, let P be any other point, then the vector OP is called position vector of

the point P relative to O and is denoted by p".
As shown in figure-13, let AB be any vector , then

applying triangle law of addition we have

OA+AB =0Bwhere OA=dand OB = b

=>AB=0B-04 =b-d
= (Position vector of B)—( Position vector of A)

Section Formula:- Let A and B be two points with
position vector a and b respectively and P be a
point on line segment AB , dividing it in the ration
m:n. internally. Then the position vector of P i.e.7 is
mb+nd

given by the formula: r = p——

If P divides AB externally in the ratio m:n then 7 =
mb- nd

m-—-n

If P is the midpoint of AB then 7 =

S

a+

w |

Example-1 :- Prove that by vector method the

medians of a triangle are concurrent. 4 (@
Solution:- Let ABC be a triangle where @, b and ¢
are the position vector of A,B and C respectively. E E
We have to show that the medians of this triangle
are concurrent. |
B(®) = c@©
Fig - 15

Let AD , BE and CF are the three medians of the triangle.

Now as D be the midpoint of BC, so position vector of D i.e. d =b: E.

Let G be any point of the median AD which divides AD in the ratio 2:1 . Then position vector of G is given

N odes 2 AW
by g= 2;”:1“ = ( 23) (by applying section formula)

s _ d+b+¢é
_>g - :
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Let G’ be a point which divides BE in the ratio 2:1 ,
a+cé

Position vector of E is é= o

. L I 28+b Z(T)'HE . .
Then position vector of G’ is givenby g = PR 3 (by applying section formula)

d+b+¢
3

=> g’:

As position vector of a point is unique ,so G=G’.
Similarly if we take G” be a point on CF dividing it in 2:1 ratio then the position vector of G” will be same as
that of G.

Hence G is the one point where three median meet.
. .The three medians of a triangle are concurrent. (proved)
Example2: - Prove that i) ld@ + bl ldl + 16l (itis known as Triangle Inequality).
i) lal - 1bl< 1 — bl
iifla — bl< lal + 15l
Proof:- Let O,A and B be three points, which are not

collinear and then draw a triangle OAB. =,

ol

Let 0A=d ,AB=h , then by triangle law of

addition we have OB = d+ b o

1
4
>

From properties of triangle we know that the sum of Fig - 16
any two sides of a triangle is greater than the third
side.

= OB<OA+AB
= l0Bl<l0Al + |4B|

S Y P Y [ e ——— (1)

When O,A, B are collinear then
From figure-17 it is clear that
OB = OA+AB =

>
A 4

= 0Bl =104l + |4BI

S L T [ { —— () Fig-17
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From (1) and (2) we have,
ld + bl< lal + Ipl  ( proved)
i) lal =1lda—b+bl -meeeeemev (1)

But I(a — b)+b | <l — I+ 15l (From triangle inequality)-------- (2)
From (1) and (2) we get ldl < ld — b1+ Ipl

= gl - 16l < 13 — bl(proved)
i) la—pl = ld+ b))l <ldl + I-bl (From triangle inequality)

=lal + Il (as I-bl = 1bl)
ld — bl< lal + Ipl (proved)

Components of vector in 2D
Let XOY be the co-ordinate plane and P(x,y) be any point in this plane.

The unit vector along direction of X axis i.e. 0X is denoted by i.

The unit vector along direction of Y axis i.e. 0Y is denoted by j.

Then from figure-18 it is clear that OM = x3 and

Y A
ON =yj.
So, the position vector of P is given by
N P
OP=% =xi +yj
T
And OP =l0Pl =r = \/x2 + y2 0 M > X

Fig-18

Representation of vector in component form in 2D

If ABis any vector having end points A( x4, y;) and B (x,,y,) , then it can be represented by

1_4_§=(x2—x1)7 +(y2—n)Jj
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Components of vector in 3D 24

Let P(x,y,z) be a point in space and 1,7 and k be L
the unit vectors along X axis , Y axis and Z axis TSR P (5 55

respectively. (as shown in fig-19 ) 19

0

Then the position vector of P is given by & J y >

OP=xi +yj+k, The vectors xi, yJ, zk are =% .

S 2
called the components of OP along x—axis, y-axis / :

and z-axis respectively. Fig-19

And OP =l0P| = /x2 + y2 + 22

Addition and scalar multiplication in terms of component form of vectors: -

For any vector @ = a,i +a,j + azk and b = by + b,] + bk
i)d+b= (ay+ b))l +(az+ by)j + (a3 + b3)k
i) @-b= (ay— b))t +(ag— bp)j + (a3 — b3)k
i) k d =ka,i +kayj + kask, where K is a scalar.
iV) @ =b ¢ a;i +a,] +ask =byi +byj + b3k
& a;=by, ay=b,, az=bs

Representation of vector in component form in 3-D & Distance between two points:

If AB is any vector having end points A( x1,¥1,21) and B (x;, ¥, z,) , then it can be represented by
AB = Position vector of B — Position vector of A
=(xp0 + 3’2j + 2212) - (gl + }’J + Z1I€)

= (x2—x)T +(y2—y1)J +(Zz—z1)k

l4Bl= (G, — 0%+ (7, -3, + (22— 21’

Example 3:-

Show that the points A(2,6,3) , B(1,2,7) and ¢(3,10,-1) are collinear.

Solution:- From given data Position vector of A, 0A=21 + 6/ +3 k.
Position vector of B, OB =i + 2] + 7k
Position vector of C, 0OC =31 + 10j-k

Now AB=0B-0A=(1-2)1 +(2-6) ]+ (7—3) k =-i-4] + 4k.
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AC=0C-04=(3—-2)i + (10-6)]+ (=1 —3) k =i+ 4f -4k.
= -(-1-4] + 4k) = - "AB
= ABNWAC or collinear.

. . They have same support and common point A.
As ‘A’ is common to both vector , that proves A,B and C are collinear.

Example-4: - Prove that the points having position vector given by 2 1 - +k, i-3f -5k and
31 - 4f - 4kform a right angled triangle. [2009(W)]
SOlution :- Let A,B and C be the vertices of a triangle with position vectors 2 i -j +k, i-3f -5k and
31 - 4f - 4k respectively
Then . AB = Position vector of B — Position vector of A.
=(1-2)1 +(-83-(-1)) ]+ (=5—1) k = -i-2j-6k.
"BC = Position vector of C — Position vector of B.
=(B-1)1 +(-4—(3)) ]+ (—4—(=5) k= 2i-j+ k.
"AC = Position vector of C — Position vector of A.
=(3-2)1 +(-4-(-1))]+ (-4—1)k =i-3j- 5k.
Now AB= |4Bl = /(-1)2+ (=2)2+ (—=6)2 =VI1+4+36= V41
BC= IBCl =22+ (-1)2+12 =Va+1+1= 6

AC = I'ACl = J12+ (=3)2+ (-5)2 =V1+9+25= V35

From above BC? + AC? = 6+35 =41 = AB2.
Hence ABC is a right angled triangle.
Example-5 :- Find the unit vector in the direction of the vector @ = 3i -4] +k. (2017-W)
Ans:- The unit vector in the direction of d is given by

a4 3i-4j+k  _3i-4j+k _ 3

a N 4 4 1
= = =1 -— +—
Ial Vo+16+1 26 \/26] V26

k.

a=
J32+(—4)2+12
Example-6 :- Find a unit vector in the direction of @ +b where @ =1+ j- k and b = =i - j+3k.
Ans:- Let7=d+b= (i +j- k) + (i - j+3k) =2 i+ 2k.

. . . T Fo_2i+2k _ 2142k _ 2 4
Unit vector along direction of a +b is given by = = = = =—it—=k
Irl  \[22472 V8 8 8

= 2= Ly -
TRt ! TR RS




17

Angle between the vectors:-
As shown in figure-20 angle between two vectors

RS and PQ can be determined as follows.

Let OBbe a vector parallel to RS and 04 is a
vector parallel to PQ such that 0B and OA
intersect each other.

Then 6 = L_AOB = angle between RS and PQ.

If 8 = 0 then vectors are said to be parallel.

If 6 :gthen vectors are said to be orthogonal or
perpendicular.

Dot Product or Scalar product of vectors

The scalar product of two vectors a and b whose magnitudes are, a and b respectively denoted
by da. b is defined as the scalar abcosé , where 6 is the angle between a and bsuchthat0< 6 <.

d.b =1dl 1bl cosd = a b cosh

Geometrical meaning of dot product

-

In figure21(a), a and b are two vectors having
0 angle between them. Let M be the foot of the
perpendicular drawn from B to OA.

Then OM is the Projection of b on d@ and from
figure-21(a) itis clear that,

IOMI = IOBI cos6 = bl cos6.

Now d.b = 1dl (Ib] cos®) = Idl x projection of b on @

Ql
S8

which gives projection of b on d =

—
Ql
=

Similarly we can write a.b = lal 1bl cosé

=1bl (141 cos®) = Ibl projection of @ on b.

B
T
5, A
M
ry
Fig-21
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Similarly, let us draw a perpendicular from A on OB B
and let N be the foot of the perpendicular
in fig-21(b).

Then ON = Projection of @ on b

and ON = OAcos6 =ldl cos6.

a

Fig-21(b)

Properties of Dot product

) d&.b=b.d (commutative)
iy &.(b+¢&)=d.b+dc  (Distributive)

iy f @b, then d.b=ab {as®=0inthiscase cos0=1}

In particular (d@)? =d.d = al?
ii=jj=kk=1
iv) If d@-Lb,thend.b= {as 8 = 90 in this case c0s90°=0 }

0
In particulari.j= j.k= k.i=0=ji=kj=1ik
0.d =0

ol
1

V) d.
Vi) (@+b).(@—Db)=1dl%- IbI?=a?-b? {Whereldl=a andlbl=b}
viii) Work done by a Force:- The work done by a force F acting on a body causing displacement dis

given by W = F.d

Dot product in terms of rectanqular components

For any vectors @ =a,i +a,] + ask and b = byi + b,] + bsk we have,
a.b= a;b, + ayb, + asbs ( by applying distributive( ii) , (iii) and (iv) successively)

Angle between two non zero vectors

For any two non zero vectors a = a,i + azj' + azk and b= bl + sz + bk, having 6 is the angle between

them we have,

~ T aibq + azby + azb
cos@=— =ab= e o
\/a12+a22+a32 b12+b22+b32

albl + azbz + a3b3 )

JaErayTrag? by +hy by’

(In terms of components.)

0 = cos™1(
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Condition of Perpendicularity: -

Two vectors d@ = a,i + a,] + azk and b = b,i + b,] + bsk are perpendicular to each other
&aqby + azb, + azb; =0
Condition of Parallelism :-

> A o] ~ > A o ~ a
Two vectors a = a4 + ayj + azk and b = by + b,j + b3k are parallel to each other ¢>b—1

%2 _ E)
1 bZ b3

Scalar & vector projections of two vectors (Important formulae)

Ql
Sl

Scalar Projection of b on d=

5

Ql

” bd.,
a = lgal

Ql
Sl

Vector Projection of b on 4=

]
Ql
[
N
oy

Ql
S0

Scalar Projection of d@ on b=

o
S
o

2l
=l
al
&l

(S
1
S

Vector Projection of @ on b=

[
S|
o
N
I~
o
D
N

Examples: -
Q.- 7. Find the value of p for which the vectors 31+ 2f +9k, i + p j+ 3k are perpendicular to each other,
Solution:- Let @ =3 i+ 2j +9k and b ={ + p j+ 3k.
Herea;=3,a,=2,a;=9
b;=1,b,=p&b3=3
Given @-Lb =>a,b, + ayb, + azh; =0

=> 3.1+2.p+9.3=0

=>3+2p+27=0

=>2p= -30

=>p=-15 (Ans)
Q-8 Find the value of p for which the vectors @ =31 + 2j +9k, b =1+ pj+ 3k are parallel to each other.
( 2014-W)

az _az, 3 _ 2

Solution:- Given @Il b2t = &2 =83 - 2 22 { Taking 1* two terms}
by b, bz 1 p 3

~3= §¢> p =§ (Ans) {Note:- any two expression may be taken for finding p.}

Q-9 Find the scalar product of 3% -4jand —27 + j. (2015-S)
Solution:- (3i-4j) . (=21 + j) = (3%(-2))+((-4)x1) =(-6)+(-4) = -10
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Q-10 Find the angle between the vectors 5i +3j + 4k and 6i-8j-k . (2015-W)
Solution:- Let d= 5i +3j + 4k and b= 6i-8j-k

Let 6 be the angle between a and b.

aiby +azb, + azbs )

Ja2+az2+as? /b12+b22+b32

5.6+3.(=8)+4.(-1) ) _605_1(30 24— 4) = cos1( 2 )
V52432+42,/62+(-8)2+(—1)2 V504101 /50101

Then 8 = cos™(

= cos ™Y

Q-11 Find the scalar and vector projection of @ on b where,

~

j-k and b= 3i+ j+3k . {2013-W ,2017-W, 2017-S}

L I L > _db _ 13+(-11+(-1)3 _3-1-3 _ -1
Solution:- Scalar Projection of aon b = e e oAy b T

S

B 1.3+(-1).1+(-1).3

a.
Vector Projection of Gon b = Bz VEI121 )

(3i+ j+3k)

_3-1-3 30+ j+3k) = I_; (3i+ j+3k)

Q-12 Find the scalar and vector projection of b on d where,
d=31 +j-2k and b= 2i+3j- 4k . {2015-S}

. L - L _db _ 32+13+(-2).(-4) _ 6+3+8 _ 17
Solution: -  Scalar Projection of bond == = (21 - =

a - [3Z+12+(-2)? V14

B
IS

L - q_ab—> 3.2413+(=2).(=4) /m » . n o7
Vector Projection of bona = — a= D) (3 1 +j-2k)

1T on m e
=5 (3i+ j- 2k).
Q-13If&.5=&.5,thenprovethatdzf)’orl?:EordJ—(f)—E)

>
=a.c

@‘l

Proof:- Given a
= (@b)-(d.¢)=0 =>d.(b-2¢)=0 {applying distributive property}
Dot product of above two vector is zero indicates the following conditions
id=0 orb-¢é =3 or al(p-2)
= g=0or b=cor aL(b-&) (proved)
Example:-14 Find the work done by the force F= i+j- k. acting on a particle if the particle is displace A
from A(3,3,3) to B(4,4,4).
Ans:- Let O be the origin, then
Position vector of A 04 = 3i+3j+3k

Position vector of B 0B = 4i+4j+ 4k
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Then displacement is given by, d = AB = (0B - 0A) = (4i+4j+ 4k) - ( 3i+3j+3k) = i+j+ k.
So work done by the force W = F.d = F. 4B = (i+]- k). (+j+ k)
= 1.1+1.1+(-1).1 = 1 units
Example:-15 If @ and b are two unit vectors and 6 is the angle between them then prove that
sing = %Ia- bl

Proof: - (la- 52 = (a-b). (a- b )= (a.a) - (a.b ) -(b.a ) + (b.b ) { Distributive property}
=(lal)?-(a.b)-(a.b)+ (1b1)? {commutative property}
=1%2-2a.b+1? {asa and b are unit vectors so their magnitudes are 1}
=2-2a.b=2(1-a.b)
=2(1-1al.1blcosb) { as @ is the angle between @ and b }
=2(1-1.1.cosb)
=2(L-cos6) =2 .2sin?S

Taking square root of both sides we have la- bl =2 sing

= sing = %Ia- bl (proved)

Example:-16 If the sum of two unit vectors is a unit vector. Then show that the magnitude of their
difference is V3.
Proof:-4,b and ¢ are three unit vectors such that a+ b = ¢
Squaring both sides we have,
= (la+b > =(1¢1)?
= (lab?+(1bD*+2a.b=12
=> 12+1%2+21lallblcosf® =1 {where @ is the angle between @ and b }
=1+4+1+2cosf=1
=>2cosf =-1
=>cosf = _71
Now we have to find the magnitude of their difference i.e a- b.
So (la-bD?=(lah?>+(1hN*-2a.b=1>+12-21allblcos@
=2-2c0s0=2-2(3)=2-(-1)=3

~la-b1=+/3 (Proved)
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Vector Product or Cross Product

If Gand b are two vectors and 6 is the angle between them , then the vector product of

these two vectors denoted by a x b is defined as

d Xxb=1dl.lblsinon

where 7 is the unit vector perpendicular to both aand b.
As shown in figure-21 the direction of a xb is ~ 72

always perpendicular to both dandb.

=4

Fig-22

Properties of cross product

) Vector product is not commutative @ xb #b xd

ii) For any two vectors dand b, @ xb=-(b xa)

iii) For any scalarm, m (@ xb) =(md) X

iii) Distributive @ x(b+¢&)=(@ xb)+(@ x&)

iv) Vector product of two parallel or collinear vectors is zero.

d xd=0 andifdllb then @ xb=0 {as@=0or180°=>sing =0}
Using this property we have,

ixi=jxj=kxk=0

v) Vector product of orthonormal unit vectors form a right handed system.

As shown in figure- 23 the three mutually

N

perpendicular unit vectors 7, j, k form a right
handed system , i.e. ixj= k=-jxb ® A
(as 6 =90, thensinf =1)

~

Fig-23
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Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors dand bis

S ]

X

Ql

givenby n-= .

S0

X

Ql

Angle between two vectors

Let 6 be the angle between dand b . Then @ xb=(1dl.1b Isin6)A.

Taking modulus of both sides we have,

ld xbl=1d1.1b1sing

= sing =

Geometrical Interpretation of vector product or

%

cross product

LetOA =G and OB =b.

Thend xb=(dl.1blsing) A

°}

=(1dl).(1b1sino)A
From fig-24 below it is clear that

BM=0Bsingd=1blsing=14dlIBMI A
— - Fig-24

{ as sin 8 = BM/OB &0B = b}

Now | @ xbl =1d1IBMI I41=0A.

BM = Area of the parallelogram with side a and b.

Therefore the magnitude of cross product of two vectors is equal to area  of the parallelogram

formed by these vectorsas two adjacent sides.

From this it can be concluded that area of A ABC = ¥ I4B . ACI

Application of cross product

1. Moment of a force about a point (1\7) :-Let O be any point and Let 7’ be the position vector w.r.t. O of

any point ‘P’ on the line of action of the force F , then the moment or torque of the force F about origin ‘O’
is given by

— -

M=% XF
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2. If gand b represent two adjacent sides of a triangle then the area of the triangle is given by

A =-ld xbl Sq.unit

3. If gand b represent two adjacent sides of a parallelogram then area of the parallelogram is given by
A= ld xbl Sg.unit

4. If dand b represent two diagonals of a parallelogram then area of the parallelogram is given by
A =-ld xbl Sq.unit

Vector product in component form : -

Ifd = a,i +a,] + azk and b = byi + b, + bsk.
d Xb=(ayi +ay) + azk) x (byi +b,j + bsk)
=a;b (I x1) +a by (1 X ) +arbs(ix k)+ ayby (X 1)+ azby(f X j)+ apbs(j X k)
+azh(k x 1)+ azh,(k xj)+ azbs(k x k)
{ using properties ixi= jxj= kxk=0 ,ixj= k=-(jx1),jxk=i=-(kx}) and
kxi=j=-(ixk) }
= (azbs - azb,) 1 +( azb; - a;b3 ) j + (a1b; - azhy ) k

~ ~

PGk AN
= a a, as |e C_i X b - a a, as
by by b3 by by b

Condition of Co-planarity

If three vectors &, band ¢ lies on the same plane then the perpendicular to @ and b must be perpendicular
to C.
In particular (@ xb)L¢ =>(@ xb).¢=0

In component form if d = a,i + a,] + agk,b = byl +b,] + b3k and &= ¢;i +c,] + 3k

Then (@ xb).2=0

= (azbs - azby) c1+( azby - a;bs) ¢+ (arby - azby )c3 =0
Ci € C3

= |21 a2 a3|=0 (interchanging rows two times R, andR, then R, and R3)
by b, bs
a; d; as

= bl bz b3 = O
1 C (3
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Example:- 17
lfd=1 +3j-2k and b = — i+3k then find | & x bl

P kg R
Ans:-Wehave d Xxb=|a; a, az|=|1 3 =2
by b, b3 -1 0 3
= {(3x3)-(0x (=2))} - {( X3 (-)x (=2} +{(1x O)( (1)x 3)} k
=91-7+3k

2ld xbl =,/92+ (—1)2+3%2 =\B1+1+9= V91 (Ans)
Example:-18 Determine the area of the parallelogram whose adjacent sides are the vectors
d=21and b =3}j. (2013-W)
Ans:- Area of the parallelogram with adjacent sides given by a and bis given by
area = | d xbl =l Zix3jl =1 6%l =6 sq units (Ans)
Example:-19 Find a unit vector perpendicular to both the vectors @ =2i +j -k and b=31 -j +3k.
Ans: - (2015-W and 2017-S)

Unit vector perpendicular to both dand bis given by

A=xXb (1)

ij k|l 1 j k
1

Nowd Xb= a, ap, az|= |2 -1
by b, b3 3 -1 3
=(3-1)1-(6+3)]+(-2-3) k
=2i-9f-5k----mmmmemeeeee- (2)
From (1) and (2) we have,
. _ 2i-9j-5k _ 2i-9j-5k _2i-9j-5k
n_lzi—‘)j—skl_ /22+(_9)2+(_5)2_ Vi1o

2 . 9 . 5
= 1 — —
V110 \/110] V110

Example:-20 If @ =21 -j+k and b=31 +4j -k , then find the sine of the angle between these vectors. (
2016-w)

k (ans)

a xb
Ans :- We know that sinf9 = fxal ................. (1)
1allbl
I L
Now a Xb=1]2 -1 1
3 4 -1

=(1-4)i-(-2-3)j+(8+3)k =-3i+5j+11k
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Hence |3 xb|=\(=3)2 + 52 + 112 =9+ 25 + 121 =VI55 c.oovevrrerenn.. (2)
Again |a]= V22 C0Z + 2= VEFTFT=VE oo, 3)

and |I;|=\/32+42+(—1)2:\/9+16+1=\/% ............................. (4)
From equation (1),(2),(3) and (4) we have,

. laxb|_ yiss _ viss

sing = i Vevze - vise (Ans)

Q-21 Calculate the area of the triangle ABC ( by vector method) where A(1,1,2), B(2,2,3)
and C(3,-1,-1). (2013-W)
Solution: - Let the position vector of the vertices A,B and C is given by a b and é respectively.

Then d =1+ +2k

S
I

20 +27 +3k
=31—j—k

a

Now 4B = Position vector of B — Position vector of A
=20 +2] +3k-( +j +2k)
=Q-Di+@2-1j +(3-2)k
=i +j+k

Similarly AC = Position vector of C — Position vector of A
=31—j—k-(@ + j +2k)
=B-Di+(-1-1)] +(-1-2k

=2i-2j-3k
Now AB XAC= 11 1 1
2 -2 -3

~

=(-3+2)i-(-3-2)j+(-2-2)k =-i1+5]-4k

Hence area of the triangle is given by

U728 w2cl =X [(C1Vz2+52 1 (—4)2
A=-1"4B xACI ZJ( 1)2 + 52 + (—4)

- % 1+ 25+ 16 :%\/E sq units. (Ans)

Example:-22 Find the area of a parallelogram whose diagonals are determined by the vectors

=30 + j—2kand b =1—3j +4k. (2014-W, 2017-W)
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Ans: - Area of the parallelogram with diagonals a and b are given by

r=1]a xb |
2
O L
Now a xb=1|3 1 =2
1 -3 4
= (4-6)i-(12+2)j+(-9-1)k =-21-14j-10k
Now area A=% i xb | =%\/(—2)2+(—14)2+(—10)2

= ~VA+196 + 10 =@ =193 - 53 squnit. (ans)

2
Example:-23 For any vector d and b, prove that (@ xb)? = a?b?—(d.b)? where a and b are
magnitude of a and b respectively.
Proof: - (@ xb)2= (1d1.1b1sin6A)?
= (absin O7)% = a?b?sin?0 (As () =( |A[)?=1%=1)
= a?b?(1 — cos?6) = a’b?*— a%b?cos?0

= a?b?— (abcos6)? =a?b%*—(d .b)> (Proved)

Example:-24 In a AABC , prove by vector method

that ———=—— ="
SinA sinB sinC A
where BC = a, CA = b and AB =c. ( 2017-S) n—A
Proof:- As shown in figure- 25 ABC is a triangle Z
having, @ = BC ,b = CA and ¢ = 4B. €
From triangle law of vector we know that , n-C
BC +CA =BA B = c
R n-8 ¢
= d+b= —¢
= d+b+ =0 ........... (1) Fig-25

(taking cross product of both sides with @ we get)
> dx(@+b+ ¢)=dx0
2 (@xd)+@xb)+@x7 =0
> 04+ @xb)+(@x 7 =0

= (ixb)= —(dx &
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= (ixb)= (¢x d) -(2)

Similarly taking cross product with b both sides of (1) we have,
= (Axb)= (bX &) =mrmmrmmrmemenes (3)
From (2) and (3), (@xb) = (bx &) = (¢x d)

- -
| = |2 x3|

al

= |a xb| =5 x

= absin(m — C) = bc sin(wr — A)= ca sin(r — B)

As from fig-25 it is clear that angle between G and bis t — C , b and ¢ is m — Aand ¢ and @ is = — B.
Dividing above equation by abc we have,

absin(m—C) _ bcsin(mr—A) _ casin(m—B)
abc - abc - abc

sinC sinA sinB
= = =
c a b
b

a c
Hence — = — = — (Proved).
SinA sinB sinC

Example:-25 What inference can you draw when @ x b =0 and d@.b=0

N — 5 0

Ans: - Givend@ x b =0 and d.b=0
= {Eitherd=0orb=0ordllb}and { G=0orb=0ord-L1b }

—

= Asdllbandd-L b cannot be hold simultaneously so d= 0 or b= 0

—

Hence either @= 0 or b= 0.
Example:-26 If |@| = 2and || =5and | xB | =8, thenfind @.5 .
Ans: - Given |a x5 | =8

= |&| |B|sin6=8
= 2X5sin6=8

= sinf=—=2

10 s
. =V1—sin2g= [1—(Hz= [1_2- [2_3
. C0SO =V1 —sin 9—\/1 (5) —\[1 TR
Hence @.b = |a||b|cosd =2 ><5><§=6(Ans)

Example:-27 Show that the vectors i — 3 j + 4k, 21 — j + 2k, and 4i — 7 j + 10k are co-planar.(2017-S)

Ans: - Now let us find the following determinant ,

1 -3 4
2 -1 2| =1(-10+14) — (-3) (20-8)+ 4(-14+4) = 4+ 36 -40 = 0
4 -7 10

Hence the three given vectors are co-planar.
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Exercise
1. Show that the points (3,4) ,(1,7) and (-5,16) are collinear. (2 Marks)
2.1fd = 3i—5jand b = 21 + 3§, then find the unit vector parallel to @ + 2b. (2 Marks)
3. Show that the vectors @ = 3v3i—3j,b = 6j and ¢ = 3v3i+ 3 form the sides of an
equilateral triangle. (5 Marks)
4. Find the unit vector parallel to the sum @ = 2i +4j—5kand b ={ + 2 + 3k. (2014-W,2017-W).(2 Marks)
5. Find the scalar and vector projection of @ on bwhere @ =1 + jand b = j + k — 2i.(2015-W)

(5 Marks)
6. The position vector of AB and C are 2i + j—k,31—2j+k, i +4j— 3k respectively . Show that A, B

and C are collinear. (2 Marks)

7. Find the value of ‘a’ such that the vectors i — j + k, 2i + j+ k and ai— j+ akare coplanar.

(2 Marks)
8. Find the value of 'k’ so that the vectors @ =1 +2j—k and b = ki + j + 5k are perpendicular
to each other. (2015-W) (2 Marks)
9.Find the unit vector in the direction of 2d + 3b whered ={ +3j+kandb = 3i—2j —k.

(5 Marks)
10. Find the angle between the vectors @ = 3{ +2j—6kand b = 4i— 3+ k. (5 Marks)
11. Calculate the area of the triangle ABC by vector method where A(1,2,4), B(3,1,-2) and C(4,3,1).

(5 Marks)
12. Obtain the area of the parallelogram whose adjacent sides are given by vectors i + 2 j + 3k

and -3t — 2 + k. (5 Marks)

13. Determine the sine of the angle between @ =i—3j+kandb =i+ j+k. (5 Marks)
14. Find the unit vector along the direction of vector 2i — j — 2k .  (2015-S) (2 Marks)
15. Find the area of the parallelogram having adjacent sides i — 2 j + 2k and 21 + j. (5 Marks)
16. Find the unit vector perpendicular to both 37 +2j—3k andi + j— k. (5 Marks)
17. Find the area of the parallelogram having vertices A(5,-1,1), B(-1,-3,4), C(1,-6,10) and D(7,-4,7).

(5 Marks)

18. Find the vector joining the points (2,-3) and (-1,1).Find its magnitude and the unit vector along the
same direction. Also determine the component vectors along the co-ordinate axes. (5 Marks)

19. Prove by vector method , that in a triangle ABC,

b2+c2-a?
2bc

20. Find the work done by the force 41 — 3k on a particle to displace it from (1,2,0) to (0,2,3) (2 Marks)

cosA = where BC = a, CA =b and AB =c. (5 Marks)

21. If @ and b are perpendicular vectors, then show that (@ + b )% = (@ — b )2. (2 Marks)
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22.1f @,b and ¢ are three mutually perpendicular vectors of the same magnitude, prove that

(@+b+ ¢) is equally inclined with the vectors @,b and ¢é. (10 Marks)
23. Find the area of the parallelogram whose diagonals are @ = 2i — 3 j + 4k and b= -3+ 47—k
(5
Answers

7 . 1, 31+6 j-2k_, -1 -1,, =+ A

2) spttsR) ) ——bH) 7 . 0+k-2D)
11 . 1 =

10) % 11) Szﬂ s units 12) 6v/5 sq units
13) H2 14) -1 2% 15) V5 sq units

33 3 3 3

1 . 1 5 .
16) NPl + \/_ik 17) V2257 sq units
18) -3i+4j ,5 ,Zi+zj , 20 and 3j

20) -13 units 23) 32@ sq units.

Marks)
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LIMITS AND CONTINUITY
INTRODUCTION:-

The concept of limit and continuity is fundamental in the study of calculus. The fragments of this
concept are evident in the method of exhaustion formulated by ancient Greeks and used by Archimedes (287-
212 BC) in obtaining a formula for the area of the circular region conceived as successive approximation of
areas of inscribed polygons with increased number of sides.
The concept of calculus is used in many engineering fields like Newton’s Law of cooling
derivation of basic Fluid mechanics equation etc.
In general the study of the theory of calculus mainly depends upon functions. Thus it is
desirable to discuss the idea of functions before study of calculus.
OBJECTIVES:-
After studying this topic, you will be able to
0] Define function and cited examples there of
(ii) State types of functions.
(iii) Define limit of a function.
(iv) Evaluate limit of a function using different methods.
(v) Define continuity of a function at a point.
(vi) Test continuity of a function at a point.
EXPECTED BACKGROUND KNOWELDGE :-
(1) Set Theory
(2) Concept of order pairs.
RELATION:-
Definition : - If A and B are two nonempty sets, then any subset of AXB is called a relation ‘R’ from A to B.
Mathematically R < AXB
Since @ ¢ AXB and AXB is a subset of itself, therefore @ and AXB are relations from A to B.
EXAMPLE:-1
A={1,2} B={a,b,c}
Then Ax B ={(1,a), (1,b),(1,c),(2,a),(2,b),(2,c)}
Now the following subsets of Ax B give some examples of relation from A to B.
R: ={(1,a),(2,b)}, R ={(1,0)}, Rz ={(2,b)} and Ry ={(1,a),(1,b),(2,c)} are examples of some relations.

The above relations can be represented by figurel-4 as follows.
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Rl = {(1' a)! (2' b)}

Fig-1
R ={(1,0)}
A B
RR3
R3 = {(2' b)}
Fig-3
A B

R4 = {(1' Cl), (1; b)' (2, C)} —

Fig4

Example -2
A = Players = {sachin,dhoni,pele,saina}

B = Game = {cricket, badminton, football}

Then R = player related to their games.

The pictorial representation is given in Fig-5

Badminton

Football




33

FUNCTION: -
A relation ‘f from X to Y is called a function if it satisfies the following two conditions
() All elements of X are related to the elements of Y.
(i) Each element of X related to only one element of Y.
In above example -1 only relation R, is a function, because all elements of A is related.
Each element (i.e. 1-a and 2-b) is related to only one element of B.
R, is not a function as ‘2’ is not related.
R; is not a function as ‘1’ is not related.
R 4is not a function as 1 related a and b.
EXAMPLE - 2 represent a function.

EXAMPLE -4

Let us consider a function F from A = {1,2,3}to

B ={a, b, ¢, d}as follows.

Fig-6

Here we can write F(1) = a
F(2=c
F3)=b
DOMAIN (D)

Let F:X-=>Y is a function then the First set ‘X’ is called domain of F.

X=Dom F =D¢

In example-4 {1,2,3} is the domain.
Co-domain —
If F: XY is a function, then the 2" set Y is called co-domain of F. In example -4 {a, b, c, d}is the co-
domain.
IMAGE:- If f: X=>Y is a function and for any x€ X, we have f(x)e Y .
This f (x) =y € Y is called theimage of x.
In example -4 ‘a’ is the image of 1
‘b’ is the image of 3

‘c’ is the image of 2
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Range (Rg): -
The image set of ‘X’ i.e. domain is called range of F.

F(X) = Range of F

In example -4 {a, b, c} represent the range of F.

In above discussion we have taken examples of finite sets. But when we consider infinite sets it
is not possible to represent a function either in tabular form or in figure form. So, we define function in another
way as follows.

CONSTANT- A quantity which never changes its value. Constants are denoted by A, B, C etc.
VARIABLE:-A quantity which changes its value continuously X, y, z etc are used for variables.
TWO TYPES OF VARIABLE:- i) Independent variable ii) dependent variable
Independent variable > Variable which changes its value independently .Generally we take ‘X’ as independent
variable.
Dependent Variable - Variable which changes its value depending upon independent variable. We take ‘y’ as
dependent Variable.
DEFINITION OF FUNCTION:-
Let X and Y be two non empty sets. Then a function or mapping ‘f’ assigned from set X to the

set Y is a sort of correspondence which associated to each element xe X a unique element yeY and is
written as

f:X>Y (readas “fmaps XintoY).
The element ‘y’ is called the image of x under f and is denoted by f(x) i.e. y =f (X)

and x is called pre-image of y.

Example - Let y = F(x) = x* where X ={ 1,1.5,2} 5 5 "

Pictorial representation is given in Fig-7

2.25

0
T
'
LT ™

N
7

Fig-7

Here values of x form domain and values of y form range.

FUNCTIONAL VALUE f (a)-> The value of f (x) obtained by replacing x by a is called functional value of f(x)
at x=a, denoted by f(a)
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Example :- Lety = f (x) = X*
Then functional value of f(x) at x=2is f(2)= 22 =4
The functional value of f(x) at x=1.5is f(1.5) = 2.25
If f(x) =% then f(1)= 1/1=1 , f(2) = %. But f(0) =% which is undefined
So the function value of function is either finite or undefined.

Classification of function

Functions are classified into following categories

Into function

A function F : A > B is said to be into if there exist at least one element in B which has no pre-image in A. In
this case Range set is a proper subset of co-domain Y.

Let A={1,2,3} and B ={a,b,c,d}

Then the function F given by fig-8 represent one into

function from A to B.

Fig-8 (Into Map)

In above figure d has no pre-image in A.

Onto function A B

A function F : A & B is said to be onto if Range of F E

i.e. F(A) = B. In other words every element of B has a 1 2 a

pre-image in A.
3

Let A={1,2,3,4}and B ={a,b,c,} <
a4

Then the function F given by fig-9 represent one onto

. fig-9
function from X to Y. (Onto Map)

From above figure it is clear that F(A) = B.
One-one function

A B

A function F: A > B is said to be one-one if each
distinct elements in A have distinct images in B i.e. if
X1 #x, INA => F(x;) # F(xz) inB.

Let A={a,b,c}and B ={1,2,3,4}

Then the function F given by fig-10 represent an Sl e

one-one function from AtoB. Fig-10
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Many-one function

A
A function F : A &> B is said to be many-one if there - -
exists at least one element in B, which has more than — .
one pre-image in A. A — 2
Let A={1,2,3} and B = { a,b} s B
Then the function F given by fig-11 represent a
many-one function from AtoB . (Many one)

Fig-11

From above figure it is clear that a has two pre-
imagesland 2in A.

One-one and onto function or bijective function

E
A function F : A > B is said to be one-one and onto if

it is one-one and onto i.e each distinct element in A

has distinct image in B and every element of B has a

pre-image in A.
Let A={1,2,3}and B ={a,b,c}

Then the function F given by fig-12 represent an

( One-one and onto)

one-one and onto function from Ato B. Fig-12
Inverse function:-

If F:X > Y is a bljective function then it's .
inverse function defined from Y to X denoted by F~1 . \ ] -

If x € X and y € Y such that y= F(x) then x= F~(y).
One example of inverse function is given in Fig-13 .
Let X={ab,c} andY ={1,2,3}.

Fig-13

Composition of two function % v Y

E
ff: X >Y andg:Y > Z be any two functions '

having Range f = Domain g, then composition of f and l

g denoted by gof is defined by gof(x)= g(f(x)), xe X. gof

Domain of gof = X and Range of gof = Range of g. ' '

The composition of two function f and g is shown l .

in fig-14.

Fig-14

Examples of some composite functions is given below
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y = f(x) = sinx? formed by composition of x?and sinx.
y = f(x) = vcotx formed by composition of cotx and v/x .
y = f(x) = log, sinvx formed by composition of v/x , sinx and log, x

Real Valued Function:-

F : XY is called a real valued Function.
If domF=XcR and YcR.
Generally we discuss our topics on this type of functions.

DIFFERENT TYPES OF FUNCTIONS:-

(1) CONSTANT FUNCTION :-
The function F (x) = K for all x € R, where K is some real number is called a
constant function

For Constant Function D;= R
R = {K}

(2) IDENTITY FUNCTION :-

F(x)=x VX € R, is called Identity Function. (¥ x means for all x)

It is also denoted by I, or .

D0m|= D|= R

(3) TRIGNOMETRIC FUNCTIONS :-
sinx, cosx, tanx, cotx, secx, cosecx are called trigonometric functions.
we know the defination of these functions.

We know that -1<sinx<1 and -1<cosx<1l Vx € R. Here x is radian measure of an angle.

Function Domain Range
Sinx R [-1,1]
Cosx R [-1,1]
Tanx R- {(2n+1)7: n€z} R

Cotx R- {n1: n€z} R

Secx R- {(2n+1)7:n€z} R-(-1,1)
Cosecx R- {n1: n€z} R-(-1,1)
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(4) INVERSE TRIGNOMETRIC FUNCTIONS :-

sin~x, cos™x,tan"1x, cot 1x, sec™lx,cosec1x are called inverse trigonometric functions.
These are real functions.

Function Domain Range

— - T
sin~1x [-1,1] =53]
cos~x [-1,1] [0,7]

1 T T

tan~'x R (=35.3)
cot™1x R (0, m)
sec™x x<-lorx=>1 OSySn,yi%
cosec™1x x<-lorx=>1 -ggygg,y;to

(5) EXPONENTIAL FUNCTION (a%):-
An exponential Function is defined by F(x) = a* (a>0, a#1), for all x€ER
De=R
Re=R.
Properties

(1) a¥=a%.a’

) @)y =a"

(3) a*=1 ,<=>x=0

(4) If a>1, a’<a’ if x<y

If a<l,a™>a’ if x<y

(5) LOGARITHMIC FUNCTION
The inverse of a* is called logarithmic function.

f(x) = log .x (log x base a) is called the logarithmic Function.

Dom f=R" ,R=R




39

PROPERTIES
(1) loga(xy) = logax + 10gay
(2) loga(3) = 10gax - logay
(3) logax =0 <=> x=1

(4) logaa=1
1
Logy a

(5) logax = (x#1)

(6) logax = logpx.logab
(7) log, x™ =nlog, x
(8) log, Vx = %loga x
(6) ABSOLUTE VALUE FUNCTION OR MODULUS FUNCTION ( IxI) :-

The function f defined by f(x) = |x|= {;x Vv:i’ll:g;:g

Is called Absolute Value Function.
Ds=R
Re=R"U{0}
E.g. |5]|=5 (as 5>0)
[-2] =-(-2) =2 (as-2<0)

0] =0
13.7] =3.7
|-5.2 | =5.2

(8) GREATEST INTEGER FUNCTION OR BRACKET x ([x]): -

The greatest integer Function [x] is defined as

[]_{x ifxezZ
e ifxg¢Zandn<x<n+1lwheren€eZ

Example

[2]=2 (as2€ Z)

[0]=0 (asO€ Z)

[2.5]=2 {as 2.5 & Z and 2.5 lies between 2 to 3i.e.2 < 2.5 < 3}
[15]=-2{as —2< —-1.5< -1}

[V3]=1 {as1<y3<2}

[-e] =-3 {as2<e<3 =>-3<-e<-2}

Dom[x]=R and Range [x] =Z
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Functions are categories under two types as follows
(1) ALGEBRAIC FUNCTION (Three types)
i) Polynomial P(x) = ag+a;x----------- +ax"
E.g>F(X) = x*+2x+3, F(X)=3x+5e

.. . . P(x) a0+a1x+ ___________ +anx
ii Rational Function (==) =
(W) e e S ——— +bmx™
2
E.g. x2x+1 , x;zfs are rational functions.
ii) Irrational Function {P(x)} @ e.g>Vx,( x*+2x+1)?" etc.

2) TRANSCENDENTAL FUNCTION
Trigonometric, logarithmic, exponential functions are called transcendental functions.
Again there are following types of functions as follows.
EXPLICT FUNCTION

y=f(x) i.e. if y is expressed directly in terms of independent variable x, then it is

called explicit function .
Example y = x*
y=2x+1 etc.
IMPLICT FUNCTION

Function in which x and y cannot be separated from each other (i.e.) F(x,y) = 0 is

called implicit Function.  E.g. > x*+y*=1
x3+2xy+3x%y? = 7 are examples implicit functions.
EVEN FUNCTION:-

If f(-x) = f(x), thenf(x) is called even function.
Example f(x) = cosX
f(-x) =cos (-x) =cosx =f(x)
Hence f(x) = cosX is an even function
Similarly f(x) = X%, X*------------- are even functions.
ODD FUNCTION: -

If f(-x) = -f(x), then f(x) is called odd function.

f(x) = sinx, X, N GO are example of odd functions
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INTRODUCTION TO LIMIT:-
The concept of limits plays an important role in calculus. Before defining the limit of a function

near a point let us consider the following example

Let F(x) = ’;2__11
Now F(1) = % = % undefined
But if we take x close to 1, we obtain different values for F(x) as follows

TABLE -1

X 0.91 0.93 0.99 0.9999 0.99999

F(X) 191 1.93 1.99 1.9999 1.99999
TABLE -2

X 1.1 1.01 1.001 1.00001 1.000001

F(X) 2.1 2.01 2.001 2.00001 2.000001

In above we can see that when x gets closer to 1,F(x) gets closer to 2.however,in
this case F(x) is not defined at x=1,but as x approaches to 1 F (x) approaches to 2.

This generates a new concept in setting the value of a function by approach method.
The above value is called limiting value of a Function.
SOME DEFINATIONS ASSOCIATED WITH LIMIT:-
NEIGHBOURHOOD:-

For every a€R, the open interval (a-§, a+ §) is called a neighborhood of a where §>0 is
a very very small quantity.
Example (1.9,2.1) is a neighborhood of 2. (§ =0.1)
DELETED NEIGHBOURHOOD of ‘a’:-
(a- 8, a+ 6)- {a} is called deleted neighborhood of a.
Left neighborhood of a is given by (a- 6, a) .
Right neighborhood of a given by (a, a+ 6).
Example
(1.9.2.1)- {2} is a deleted neighborhood of 2.

(1.9, 2) is left neighborhood of 2.

(2, 2.1) is a right neighborhood of 2.
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DEFINATION OF LIMIT:-
Given €>0, there exist >0 depending upon € only such that, |x-a|l<é => |f(x)-l|<€

Then lim,_, f(x) = |
EXPLANATION
If for every €>0,we can able to find § ,which depends upon € only such that xe (a- §,a+ § ),=> f(x)

€ (l-€,I+€) . In other words when x gets closer to a then f(x) gets closer to I.
We read x—>a as x tends to ‘a’ i.e. x is nearer to a but x#a

lim,_, f(x)~> limit x tends a f(x). ‘' is called limiting value of f(x)at x = a.

In 1% example lim,_,, ’;2_—_11= 2
i.e limiting value of f(x) at x=1is 2.
Note:-
Functional value always gives the exact value of a function at a point where as limiting value
gives an approximated value of function.
Functional value is either defined or undefined. Similarly limiting value is either exist or does
not exist.
EXISTENCY OF LIMITING VALUE:-
In our first example if we observe table -1 then we see we approach 2 from left in that table.
In table -2 we approach 2 from right.
So in table -1 x€ (2- §,2)
And in table -2 x€ (2,2+ §)
These two approaches give rise to two definitions.
LEFT HAND LIMIT
When x approaches a from left then the value to which f(x) approaches is called left hand limit of
f(x) atx=awrittenas L.H.L.= lim,_,- f(x)
X->a means x€(a — §,a).
RIGHT HAND LIMIT: -

When x approaches a form right then the value to which f(x) approaches is called right hand limit.

Mathematically
R.H.L =1lim,_ .+ f(x)

x=>a" means x€ (a,a+ 8)
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EXISTENCY OF LIMIT
IfLHL=RH.Lie.

lim,_ + f(x)=lim,_,- f(x)=1

Then the limit of the function exists and lim,_,, f(x) = |
Otherwise limit does not exist.

ALGEBRA OF LIMIT: -
IF lim,_, f(x)=land lim,_,g(x)=m

Then
) limyeq { £ () +9(X) } = limyq £(x) +limyq g(x) =1+ m
i) ) limy o { £ (X) - 9(X) } = limy,q £ (%) - limy,q g(x) =1-m
iiilimyq{ £ (x). 9(X) } = limy_,q f(x) . limyq g(x) =1 m

s FQO | _ limea fO)_ L ,
|v))11mx_>a{g(x)}- I:E:Hag(if; (provided m#0)

v) lim,_,, K =K (Kis constant)

vi) lim,_, .k f(x)= klim,_, f(x)=KI
(Vii)lim,q logy f(x) = logy lim,_q f(x) =log, |
Viii) lim,_,, e/ ®)= eliMx-a f() =¢
(ix) limyq f(0)" ={limy_q f(x)}" = 1"

(x) limyq f(x) =limy, f(¥) =1
(xi) limyog | £ | = limyoq G| = 1]

.. . . 1
(X”) If hmx—>a f(x) = o, then hmx—)a % - 0

EVALUATION OF LIMIT:-
When we evaluate limits it is not necessary to test the existency of limit always. So in this
section we will discuss various methods of evaluating limits.
(1) EVALUATION OF ALGEBRAIC LIMITS :-
(2) Method -> (i) Direct substitution (i) Factorisation lii) Rationalisation

i)  Direct Substitution :-
If f(x) is an algebraic function and f(a) is finite. Then lim,._,, f(x) is equal to f(a) i.e. we

can substitute x by a.
Let us consider following examples.
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Example -1

Evaluate lim,_q(x2? + 2x + 1)
ANS >
lim, o (x? + 2x + 1)= 0°+2x0+1=1

Example -2
) x—1
Evaluate lim,_,_4 r2r1
ANS—>
. x-1 (-1)-1 _ -2 _ -2 _
llmx_)_l X242x—1 (-1D2+2x(-1)-1 T o1-2-1 -2 1
Example -3
. Vx
VX 29
lim,_,4 NS !
Ans :-
lim N Y
=l a2 Vitz V3
Example -4
2_ 2_
Evaluate lim,_, > —=2"2=2" Which cannot be determined.
x-1 1-1 0
NOTE: -

So here direct substitution method fails to find the limiting value. In this case we apply following
method.
ii) FACTORISATION METHOD :-

If the given Function is a rational function [ , and (@)
g(x) g(a)

. .0
is in— form
0
then we apply factorisation method i.e we factorise f(x) and g (X) and cancel the common factor. After
cancellation we again apply direct substitution, if result is a finite number
otherwise we repeat the process .

This method is clearly explained in following example.

Example -4
. x%-1
Evaluate lim,_,, gy
T x*-1 .. (x+1)(x—1)
Ans : -lim,_,4 el lim,,_,; T

= lirri(x+1) {x=> 1 means x#1 => (x-1) # 0}
X—

=1+1=2 {after cancellation we can apply the direct substitution}
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Example -5

x24+7x+12

Evaluate lim,_,_;——F—
X>=3 245546

ANS :-

{by putting x=-3 we can easily check that the question is in g form }

- lim x2+4x+3x+12
X>=3 224 2x+3x+6
x(x+4)+3(x+4)

= limy,3 x(x+2)+3(x+2)

(x+4)(x+3)
(x+2)(x+3)

lim,_,_5 {x=> -3 then x+3 # 0}

. x+4) —-3+4 1
lim,_,_, &) = =—=-1
X==3 (x+2) —3+2 -1

Example — 6

x3-3x%2-3x—4

Evaluate lim,_,,4 7

ANS ->

x3-3x%2-3x—4

lim
x—4 x2—4x

0
(—0 form )
As x=4 gives —gform

= X-4is a factor of both polynomials.

x-4 |x3-3x% — 3x — 4| x%+x+1

|x3 -4x? |
-+
|x? —3x — 4|
|x% —4x |
- +
| x-4 |
| x -4 |
0
Hence x3 -3x°-3x-4 = (x-4)(x’+x+1)
3_ 2_ — _ 2 2 2
Now limx_,4x 3x°-3x 4= li (x—4)(x*+x+1) _ lirrlx +x+1 _ 4 +4+1=E.

x2—4x x—4 x(x—4) x—4 X 4 4
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iii)  Rationalisation method :-
When either the numerator or the denominator contain some irrational functions and direct substitution gives

% form, then we apply rationalisation method. In this method we rationalize the irrational function to eliminate
the % form.This can be better explained in following examples.

Example -7

. X
Evaluate lim,_, NS
ANS :-

lim,_,q ﬁ {In order to rationalize Vx + 1 — 1 we have to apply a?> — b? formula

a? —b? = (a+ b)(a—b) so herea — b is present,so we have to

multiplya+bi.evx+ 1+ 1}

x(Vx+1+1)
(Wx+1-1)(Vx+1+1)
x(Vx+1+1)
\/x+12 —12
x(Vx+1+1) ~ lim

x+1-1 x>

=lim,_,

lim,_,

li x(Vx+1+1)
1My 0T

lim,,o(vx+1+1) = vO+1+1 = 1+1=2

Example -8

JITEI%

Evaluate lim,,_, =

Ans :-
. vi+x—v1-x 0
hmx_,o T (6 form)

lim (VTR
- xl_r;% 2x(V1+x+V1-x)

- L ((\/1+x)2—(\/1—x)2) _ (1+x)—(1-x)
- xl_r}(l) 2x(V1+x+V1-x) _xl_r}(I)Zx(\/1+x+\/1—x)

. 2x
= li

m —
x—0 2x(V1+x+v1-x)

1
lim ———
x—0 V1+x+V1-x

1 1
VIF0+V1-0  1+1

2
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(3) _Evaluating limit when x-> «
In order to evaluate infinite limits we use some formulas and techniques.

Formulas (i) lim,_ e x™ = o0, n>0

(iilimy oo = = 0, N>0
I form , the we use the following technique

When we evaluate functions in
g(x)

Divide both f(x) and g(x) by x“ where xis the highest order term in g(x).

It can be better understood by following examples.

Example -9
Evaluate lim 3xtac1
X2 5%2_7x+5

. 3x2+x-1
ANS:- llmx_,oo m
{Dividing numerator and denominator by highest order term in denominator i.e. x°}

3x2+x—1
. 2
_ X
- th—’OO 2x2-7x+5
22
2
3x2 x 1 1
S 34—
= lim 22 x2 22 _ lim Zx x2
- XD 2x2 7x 5 Xo0, 7,5
22 %2 %2 x

. . 1 . 1
limy 00 3+liMys 00~ — limyoeo— . oo
= X (applying algebra of limits)

= - - 7 1
limy 0 2—11mx_>°°; +11mx_>0ox2
_ 3+0-0_3
2-0+0 2
Example — 10

Evaluate lim X242x743
X720 x4-3x+1

ANS :-
lim x342x2%+3
X720 x4_3x41

{ Dividing numerator and denominator by highest order term x*}
x3 2x% 3

= limy o S
X200 x4 3x 1

x* Xt X%
1 2 3
- lim T2t 04040 _0_0
X204 242 1-0+0 1
X X
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Example —11
Evaluate lim xt4sx+2
X200 x342
ANS :-
lim x*45x+2
X200 342

{ Dividing numerator and denominator by highest order term of denominator i.e. X}

x* sx 5 2 . . 5 .. 2

=3 3t3 ——2+—3 llmx_,oo x—llmx_,oo—2+11mx_,°o—3
= lim XX = lim XX = 2 2
- xXom a3 2 - xoe g4 2 - lim 1+ liMy 00—

=ta %3 %00 X000 3

limy 00 x—0+40 .
= - = hm X =o°
1+0 xX—

Example —12
lim V3x2-1-V2x?2-1
X—00 4x43
N ey Vatoaoaxio1
. xX“—1- xXe— .
ANS :- lll‘rlx_)OO T = 1lmx_)oo +

x

{ Dividing numerator and denominator by highest order term in denominatori.e. x.}

3x2-1  [2x2-1 ,3x2 1 ’sz 1
x2 x2 . x2  x2 x2  x2
3
4+=

= lim,_ P = limy_,

X X
o e el o)
- 1Mx—00 4+% B limy 00 4+ llmx_wo%

(3_0)1/2— (2—0)1/2

440
V3-V2
= (ans)
4
Important note in oo limit evaluation:-
a .
= ifm=n
lim agta  x+—————-— +amx™ by, )
X% po+byx+byx2+————— +bpx™ 0 ifm<n
o ifm>n
Example-13
. x?-1 .
If lim,, (m —ax—b ) = 2, find the values of a and b.
x%-1

2

Solution -> Given lim,_, ¢ ( —ax — b)

x+1

x?2—1-ax?-ax—bx—b
x+1

2 limy o )=2

2(1=q)— -
= lim x*(1—a)—x(a+b)—(b+1)
X—00 x+1

=2
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As result is finite non zero quantity
= Degree of numerator polynomial = degree of denominator polynomial
=

Degree of polynomial in numerator = 1

{As x+1 has degree = 1}

= 1l-a= =>
a=0 a=1

Now putting a = 1 in above evaluation
—x(1+b)—(b+1) _

lim,,_, o pw) 2
= @ =2 {by important note}

I . Aotax———+amx™ am _
= —1—-b=2 {limy_, 4 PaTSpT— where m = n}
=> b=‘1'2 =‘3

Therefore a=1 and b=-3

(4) Important Formulas in limit

n n
xX"'—a - nan_l
xX—a

(1) lim,_, where a>0 and n€R

X_
(2) lim,_,q aTl = log.a

. . e*-1
In particular lim,,_, — = 1

1
(3) limyo(1+x)x =e

(4) limyoo(1 +) =

. 1 1+
(5) lim,_,q W =log, e
In particular lim,_, W%” =log, e =1

(6) lim,_gcosx=1

(7) lim,_ysinx =0

(8) lim,o 2t =1

(9) lim,_ ta% =1

SUBSTITUTION METHOD:-

In order to apply known formula sometimes we apply substitution method. In this method x is

replaced by another variable u,and then we apply formula on ‘u’.

Let us consider the following example.
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Example — 14:-

2
Evaluate lim,_ o 322%

ANS:- Let 2x=u =>when x>0
U 20 (as u =2x)
Now lim, _,, —— Sin2x - lim, ,g—— Sin =2lim,_g sinu
2
=2x1=2
lim f(Ax) = lim f(u)
x—0 u—0
In general
Putting Ax=u = 1m0 /(2)
Hence some of the formulas may be stated as fllows
alx_
1) lim,g—— PP = log.a
/lx -1
In particular hmx_>0 pra 1

2) limyo(1 + Ax)ﬂ =e
3) lim,,..(1+ )% =e

logg (1+1x)

A limyo =5 =logae

In particular lim,._,, W —1
5) i sin Ax B

)xl_I}'(l) Ax
6) limx_>0 ta;:ﬂx 1

Some examples based on the formulas

(1) Evaluatelim,_, :m ix

AnNs :-

. 3sin3x

lim, g 222X = |im 3x
x—0 tan 5x x—0 Stasn 5X

x

l (sm 3x) 3 o l B E
1My 0 ~tan sz, (ta:xsx) 5 1" 5
(2) Evaluate lim,_, 2% (2014 S)
2 =
Ans - lim,_, “ﬂ = lim,_, i

N R

. smE sing 1
= llmx_,o 2.=. x5 = —llmx_>0 L = Exlxl = -
2 2

NR
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3xX_ X

(3) Evaluate limx_)o%
) 3X_,X . 3x_1 1— x
Ans :- lim,_, o2 xe =11mx_)0%
. 31 *—1
= lim,_,, 1) | lim,_,q 1)
. e3¥—1 . e*-1 _ _
= lim,._, 3( -~ ) —llmx_)OT =3-1=2
(4) Evaluatelim,_z(secx — tan x)
2
Ans :-

1 sinx

hmx_%(secx —tanx) = hmx—%(cosx ~ o5

_ . 1-sinxy _ ;. (1-sinx)(1+sinx)
B th—’g( cosx ) _hmx—’;( cosx(1+sinx) )
. 1-sin2x . cos?x
- llrrl5’5—’§(c053«¢(1+sinx)) - llmx_)g cosx(1+sinx)
cosZ 0 0
_ . cosx _ S _0 _
B llrrl5’5—’§(1+sinx) - 1+sin§_1+1 2 0
. tan x—sinx
(5) Evaluate lim,_,( prmcn )
t i sinx sinx
. anx-sinx | _ .. cosx
lim,o( sin3x ) = limyo( sin3x )
_ lim (sinx—sinxcosx) = lim (sinx(l—cosx)) — lim ( 1-cosx )
h *>0\" sin3xcosx - x>0\ sin3xcosx - %0 \sin2x cos x
_ lim ( 1-cosx ) lim ( (1—cosx) )
- *20 \ (1-cosZx)cosx %0 \ (1-cosx)(1+cosx)cosx
S AN N U S S
- 20 \(1+cosx)cosx/ ~ (1+cosO)cos0  (1+1).1 2
. sin~1x
(6) Evaluate hmx_)OT
Ans :-
lim, o 2% =lim =
x—0 - uU=0 giny
{put sin"*x =u => x=sinu when x->0 u-> sin™x -> 0 {as sin™0 = 0}}
. 1 1
= limy_,q ww Si- 1
u
. tan~1lx
(7) Evaluate hmx_)OT
Ans :-
. tan~lx . u .
limyo——— = limyo_— {puttan x = u => x= tanu when x->0 u->0}

. 1
= llmu_,()@ = 1/1 =1

u
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8 | li x3-8
(8) Evaluate imy, =—

Ans :-
. x3-8 _ .. x3-23 . xM—ah _1
limy, —— = limy; —— { as lim,_, — =na"" '}
3_,3
= i xx_z _ 3231 3x22 _ 3 _ 3
T Mxo25575,5 T 551 Texat | 5x22 20
x=2
. 3+4x)3-27
(9) Evaluate hmx_)OL
. 3+x)3-27
Ans :- 11mx_,0% { put x+3 =u when x-->0 then u-->3}
5 u3-33 . xM—am n-1
= lim,_, — {hmx_)aﬁ= na™ '}

3 3371 =3x3%2=3x9=27

. tan~! 3x
10) Eval lim
(10) Evaluate lim,._, .
tan~13x
- tan™ 3x _ .. xS
Ans :- llmx_,om = lim,,o sin7x
7X
tan_13x)
_ 31. 3x
- ; My 0 ~5im7x
7X
3 1 3
= Ix= =2
7 1 7
. log, 2x—1
(11) Evaluate lim,_,, g;’_ T
. log, 2x—1
Ans :- lim,_,, —g;_l

{ For applying log formula x> 0 ,but here x> 1, so we have to substitute a new variable u as, u = x-1}

loge 2(u+1)-1

=1Hnu40 ”
. 1 2u+1
= lim,,_, o —2—= when x-->1 then u=x-1 -->0}
. 1 142
= lim,_ 2802 5 = 1x0=2
2u
. 4% 5%
(12) Evaluate hmx_)om
o 4% —141-5%
Ans :- limx_>0 ax = limx_,o m

X

4X-1) (5%-1
Sl MG loge 4-loge 5

= limy,o5355——F~F =
x=0 (3xx__1 _(4’;_—1) loge 3—log, 4
n
In4—In5_ 5 . . . :
— {logeiswrittenasIn i.e. naturallogarithm}

ln3—ln4_ =
n 2
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1
(13) Evaluate limy_o(1 + 3x)x

Ans :-

1 1
limyo(1+3x)x = lim,_o{(1+ 3x)3}3

1
= {limy (1 + 3x)x}® = €°
1
(14) Evaluate lim,_(1 + %X)Z

Ans:-

1

/
. 2L . Z_,S
lim, (1 + ?)Zx = limy,o(1+—>)(

2x
3
1

= {limy (1 +5)(3)y= 173

Use of L.H.L and R.H.L to find limit of a function

L.H.L and R.H.L used to find limit of a function where the definition of a function changes. For

example |x| at O or [X] at any integral point etc.

Also the same concept is used when we come across following terms.

lim

1 —_—
x=0*
li 1
1My 0 x oo

lim,_ o+ ex =oo

lim,_o-ex =0

Examples :-
||

X

(1) Evaluate lim,_,,

Ans:-  LH.L= lim,,o 2 {x >0 => x€(-5,0)i.e. x<0 => |x| = -x}
= lim,,_,q- %x
= lim,_ ,-(-1) = -1
RH.L=lim, o+ 2 = lim, 2 {x>0" =>x € (0,5) i.e.x>0 => |x| = x}

lim,_,,+1 =1
From above

LHL#RHL =>lim,_2 does not exist

X
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. x+1
(2) Evaluate lim,._,_, ]

Ans :- limxﬁ_lﬁ = lim”‘olz_l { Let x+1=u . when x>-1 then u>0}

L.H.L. = lim,_q- |Z_|: limu_,o—_lu {u>0" =>u<0=> lul=-u }

=lim,,-(—1)=-1

R.H.L= limu_,0+|% =limy g+~ =lim, o+ 1 =1 {u>0% =>u>0=> Iul=u }

Hence lim,,_,, IZ_I does not exist

Therefore lim,._,; does not exist.

X+
lx+1]
(3) Find lim,_q+{[x] + 10}
Ans lim,_y+{[x] + 10}

=lim,_,+(0 + 10) {As x-->0" =>x € (0,6) i.,e 0 <x<1}=> [x]=0}

=lim, ¢+ 10 = 10

(4) Find lim,_,3 »[x]
Ans :-
lim,_3,[x] =[3.7] = 3
(5) Find lim,__4[x]
Ans :-
[X] changes its definition at each integral point. So, we have to go through L.H.L and R.H.L.
LH.L = lim,,_4-[x] = lim,,_4-(—=2)=-2
{As x> -1" => x€(-1-6,-1) i.e.-2<x<-1 =>[x]=-2}
RH.L. = lim,_;+[x] =lim,,_;+ —1=-1 {as x-->-17 =>-1<x<0 =>[x]=-1}
As from above L.H.L # R.H.L.
= lim,__;[x] does not exist.

(6) Evaluate limxﬁ§[3x —1]

Ans :-

lim_s[3x —1] =lim,3[u]  {Put3x-1=u =>whenx >< u>3X:-1ieu>3}
3

Now L.H.L = lim, 3-[u] =lim,,3-2=2 {Asu—-3" =>2<u<3=>[u]=2}

3}

RHL = lim, 3+[u] =lim,_ 3+3=3 {Asu-3" =>3<u<4=>[y]
Hence L.H.L # R.H.L =>lim,,_3[u] does not exist.

Therefore lim _+[3x — 1] does not exist.
3
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(7) Evaluate lim,_,, f(x) where

(—x x<1
f(X)‘{x+1 x>1

Ans :- As f(x) does not changes its definition at 2" so,
lim,_, f(x) =lim,,(x+1)=24+1=3
{As x-->2 =>Xx € (2-6,2+6) => x> 1 =>f(x)=x+1}

x? x<1
(8) Evaluate lim,_,; f(x) and lim,_, f(x) if f(X)={2x+1 1<x<2
5 x> 2

Ans :- As function changes its definition at x=1 and 2, so we have to go through L.H.L and R.H.L. step.
lim f(x)
LHL = limy- f(x) =lim,;-x% = 1°=1
RH.L = lim, .+ f(x) =lim+(2x+1) = 2x1+1=3
{when x-->1" =>x<1 so we use f(x) = x*}
{when x-->1"=>x>1ie. 1<x<2 =>f(x)=2x+1}
From above L.H.L# R.H.L

= lim,_; f(x) does not exist

lim £ (x)

LH.L=1lim,_,,- f(x) =lim,,,-(2x + 1) =2x2+1=5
{when x-->2" =>x € (2-9,2) i.e. 1<x<2 => f(x)=2x+1}
RH.L=lim,_,+ f(x) = lim,_,+5=5

{x-->2" =>x>2 =>f(x) = 5 from definition}

As LLH.L=R.H.L

Therefore
limy,, f(x) =5

(9) Evaluate limx_,oi
Ans - LH.L =lim,_- xl = -0
. 1
R.H.L. = lim,_y+ Z=
L.H.L # R.H.L.

. 1 .
=>lim,_,o- Y does not exist.
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Note

X-->a
X-->a’
So when we use direct substitution method either for x-->a* or x-->a” in both case we have to replace x by a.

Sandwich theorem or squeezing theorem

If lim,_,, f(x) =lim,_,, g(x) =1 and a function h (x) is such that f(x)< h(x) < g(x) for all xe(a-

6,a + 8) ,then

lim,_, h(x) =1

Example
Find lim,_,¢ x sin%
Solution: - We know |sini|§ 1
.1
= |xsm;| <|x|
Again |xsin§ |>0
.1
Hence 0< |x sm;| < |x|
Now lim,_,0=0
And lim,_,|x|=0
{As limy_o- |x] = lim,_o-(—x) =-0=0and lim,_+ |x| =lim,_y+x =0}
Hence by sandwich theorm
lim,_, |x sin§| =0
o1 o1 1
When x--> 0, x sin—= (+)ve. So |x sm—l = XSin-—
X X X
{when x-->0 then x&(-6, 0), x = (-)ve, sin i =-ve => X sin i: +ve}

o1 o1
{When x-->0"then x € (0, §), x = +ve, sin —=+ve=>xsin- = +ve}

Hence,
. L1
lim,_ox sin— = 0
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ILLUSTRATIVE EXAMPLES

. sin ax
1. Evaluate lim,._,q e a,b+0 (2015-S) (2019-w)
Ans.
. sin ax
. sinax _ .. “ax
llrnx—>0 nbx 1My 0 Sinbx
bx
sin ax.
=i Cax )
- b x—0 sinbx)
bx
a1 a
= — X - =—
b 1 b
. X—X COS2x
2. Evaluate lim,._,, “einiox (2015-S)
Ans.
lim X—XCOS2X _ lim x(1—cos2x)
x=0 gin32x =0 gin32x
x sin®x
i xZSinzx_zl. 3
= 1My sin32x My—0 557327 3
(203"
sin?x
-9 1; x2
=2 llmx_>0 sin32x
(203"
sinx
_ 2 )?
=5 MMy —0 Smax
2x
1,12
==X=
4" 13
1
=—(Ans)
4
. cos mx—cos nx
3. Evaluate lim,._,, — (2017-s old)
Ans.
. mx+nx . nx—-mx
. cosmx—cosnx . 5 . C+D . D-C
1 - 2 sin( > ) sin 5 _
im0 ——7—— = limy = {cosC-cosD= 2 sin—sin T}
lim 2 sin(nzm)x sin(%)x
- x—0 x x
- m+n . n—-m
li o (min sin(——)x (n—m) sin(——)x
= lMy9 2 m+n 2 (n—m)x
(2") :
- m+n . n-—-m.
- (m+n) (n—m) lim sin(——)x sin(——)x
2 2 x—0 (m;-n)x (n—zm)x
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2 walxl
2 2

(m+n)(n—-m)

_ n2-m?2
- 2
4, Evaluate limx_)g(g —x)tanx
2
Ans.
limx_g_z(g —x)tanx =lim,_ou tan(g —u) {put g —Xx =uwhenx - 21 u - 0}
2

= lim,_,u cotu

= lim v
U=0 any

u

. /u
= llm —_—
u=0 tanty,

. 1
11rnu—>0 (tanu)

u

= —-=1

x%—-2x+1

5.  Evaluatelim,_, (2017 S)

x2-x
Ans.

lim x%-2x+1 _ lim (x—1)?
X2l g2y T =1 y(x-1)

6. Evaluatelim,._, # (a>b) (2017 W)

Ans.

. Vx—b—va—b 0
llmx_)a W (6 form)
(Vx=b—va—b)(WVx—b+Va—-b)
(x2-a2)(Vx—b+Va—b)

t (x—b)—(a—b) t x—b—-a+b

= MMysa S @) Vb avash) = ) et a)(Vr=b+Vasb)
1 (x—-a) =1 1 = =
= MMxoa G g ) (Va—bavasb) T X78 rra)(Vx—b+Va-b)  (a+a)(Va—b+Va-b)

=lim,_,

1 1
" 2a 2vVa—b " 4ava-b
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. 2x—1
7. Evaluate lim 1' I
x> 2x-1

. 2x—1

Ans. lim 1' !
x> 2x-1

{Put2x-1=u=>whenx-—>§, u-->2X%-1=0}

= lim,,_, 4
u—0 u
I

LH.L=1im, o = = limy, o~ = = lim,o-(—1) = -1

RH.L=lim, g 2= lim, g+ = =lim,_o+ 1=1

As L.H.L # R.H.L, so lim,,_,, lZ—l does not exist.

. |2x—1] .
=>11mx 1 does not exist.

-3 2x-1
x
[x]

Ans:-  From definition of [x] we know that,

8. Evaluate lim,,_,,

x—1<[x] <x

o XX X
x—1 [x] x
x  x

2 1< <
[x] x—1

—

Now, lim,_,, 1 =1

8

. x . p . 1 1
lll’l’lx_)oo E = llI'I'lx_)00 ﬁ = llI'I'lx_)Oo 1 = E =1
X X X
. . X
Hence by sandwich theorem lim,,_,, o =1

12+22+32+4--4n?

9. Evaluatelim,,_, 3

Ans.
1242243244 n?
lim

n—oo n3

n(n+1)(2n+1)

=lim
n—oo 6n3
1 n n+1,,2n+1
= 2 imy e = (B2
2 imy e, () (22

)
1

1,. 1
- ghmn—»oo 1(1 + ;)(2 + ;)

N

1 1
= g X 1(1+0)(2+0) === E

[}
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. xsin a—a sinx
10. Evaluate lim,._,, —

Ans.
. xsin a—a sinx
lim,_,———— Put x-&< = u, when x-->x , then u-->0
x—a
_ . (x+u)sin a—a sin(u+«)
= lim,_ "
_ li « Sin a+u sinx—a sin u cosx —xcos u sin«)
- 1My, 0 u
_ li X Sin a—a cos U Sin & + U SiNX—xsin U cosX)
- 1My, 0 u
. xsinx(1l—cosu) . sinu
= lim {—————+sin«-x cos x—}
u—0 u u
ZE
. xsin«2 sin” 2 . sinu
= lim {—u + sin « - « cos o« }

u-0

U
. . sing . u . sinu
= 11m{Zoc51no<?.51n5+51noc—occosoc7}

u-0 >
U
. . sin; .y . sinu
= lim { « sin o« —% . sin—=+ sin « - « cos x —}
= XsinxX.1.0+sinX-xXcosx.1l = sin K- cos X

loge x—loge 5

11. Evaluate lim,._,5 por

. log, x—log, 5
Ans.  lim,_s % (Put u=x->5, when x-->5 then u --> 0)
. log.(u+5)-log, 5
- hmu—)O gel( u) Se

5
. lOge(—u; )
= lim,_, ——

. loge(5+1)
= lim,_,, ——

. loge(5+1)

= lim,,_,q —u
L

1., loge(1+%)

= Ellmu_,o —

5

1 1
= -.1 ==
5 5

. Vitx—1
12. Evaluate lim,_, logt%x)
e

. Vitx-1
Ans. llmx_)o m
-1 (VI+x—1)(V1+x+1)
= My—o log,(1+x)(V1+x+1)

—lim 1+x-1
- 20 150, (14%) (VItx+1)
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1
=lim
X—0 loge(1+x)
f.(\/ 1+x+1)

1 1 1

Tixyito+1  Vi+l 2

log;(2x-3)

13. Evaluate lim,._,, (x-2)

log,(2x-3)

Ans.  lim,_,, =)

{ Put x-2 = u when x-->2 then u-->0 }

log; (2u+4-3)
u

log,{2(u+2)-3} _
— =

llInu—>0 1 u—0

2log,(1+2u)
2u

lim,,_,q

log; (1+2u)

2 lim,,_, o

= 2.logse
. s 5%-5
14. Find the value of a for which lim,_,; ————=
(x=1)logea

Ans. Given lim,_,—>—> -5 (1)
ns. ven lmx_>1 (x—1)log, a =

5*—5

Now, lim,_4 G-Dlog.a
li il h h

= _ -1= -—-> >
imyo og. (Put x-1 =u, when x-->1, then u-->0)

= loge 5 (2)

From (1) and (2) we have,

5
loge a

log,5=5

=>log, 5 =log, a
=>a=5
x%—4x+3

15. Evaluate lim _—
X1 2 _6xt5

Ans.  lim,_,; (%form )

x(x-3)—1(x-3)
x(x—5)—1(x—5)

(x=3)(x-1)
(x=5)(x-1)
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3%437%-2

16. Evaluate lim,,_, —=

Ans.
1
i 3%437%-2 i 3% +ox—2
My o7 — =lime,o—3
- i 32%41-23% li (3%)%2-2.3%.1+12
= limyo—F05— = limy o ——F 5
. 3%-1)2 .1 ,3%-1,
= limyL, & = lim< &2
x—0 3X 2 X—>03x( x )
1
= = (log, 3)2
3
= (In3)?

17. Evaluate lim,c_,oo{\/x2 +1—+Vx2- 1}x
Ans.

lim,c_,oo{\/x2 +1—vx2-— 1}x

{(Vx2+1-Vx2-1)(Vx2+1+Vx2-1D)}x
VaZ+1+Vx2-1
{x2+1-x2+1}x
2x

2x

= limy,_, 0 —5——
\/x2+1+\/x2—1

X X

2
x2 1, [x2 1
Nl
2
1 1
/1+x—2+ /1—x—2

= lim,_ e
=lim,_ e

=lim,_ e

=lim,_ o

=lim,_ e

2

etanx_l

18. Evaluate lim,_, —

Ans.

X etanx_l
lim,_, — {Put u = tanx when x-->0 then u-->0}
- U0 gap-1y

e%—1

u
u

N u -
= hmu—»OF =
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; 3x3—4x2+6x—1
19. Evaluate lim,_,,

2x34x245x+7
Ans.
3x3 4x? 6x 1
3_ 2 _ SXT 44X 6x 1
lim,_ 2ooxexl ST
X2 2x34+x24+5x+7 X200 2x3 x2 5x 7
BrEtEt3
4 6 1
lim. STxteas _3-0+0-0 _3
ST a4 e e 2404040 2
1 1
. 2 2
20. Evaluate lim,_,, ’;_24
Ans.
11 4—x2
X2 2 . 2
limy_,, = lim,_,, 22
= -lim i
T4 T2 x2(x-2)
1,. (x=2)(x+2)
= -=lim,_, ——"——
4 X7 x2(x—2)
1,242 1
= -—(Z7)=-- (Ans
4 22) 4 ( )

1. Evaluate the following limits(2 marks)

; ; Va1 -1
(i) hmx—>0 -
sinax
(i) lim,eo — (a;b # 0)
. sin 3x
(I“) hmx_)o sin 2x
(iv) lim,_, 22
x—-1 \/}_1
. 1—cosx
(V) hmx—»o 2
. . sinx
(vi) lim,e . ——

1
(vii)  limy_q In(1 + bx)x

li tan5x
(viii))  limyo ——=

Exercise

(2016-S) (2018-5)
(2015-5)

(2019-w)

(2014-5)
(2016-S)

(2016-S)

(2017-w)
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2. Evaluate the following limits (5 marks)

. . 2%¥"1q
(l) llmx_>1 ﬁ

Vx—1-2

(i) limys
1
(i) limy, S

xn—1

. . 134+23+33+.4n3
(iv)  limpe———

(V)  limyle x2{Vx* + a? — Vx* — a?}

(vi)  lim,_, 5ot
2 _
(vii)  lim,,_g =2
(viii)  lim,_; (s + )
() lim,, T
00 limeoa T
(xi)  lim,o (2018-5)
(i) Tim o LI
(i) lim,_o S0 (2016-5)
(XiV)  Timyo < (2017-5)
(xv)  lim,_, —‘/ﬁ_ﬁ
(xvi) - lim, g YT (2017-w)

3. Find the value of a on following cases.(5 marks)

tana(x—a) _ 1

() limyo D =2
(i) lim,, s =2
(i) lim,_, 28X _ 4

a(x-2)
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Answers
I E ) 2 ii) = )3 v) > vi)l vi)b  viii) 5/7
2. 212 0% din/m  W)1/4  v)a:  wvi)%  vil)-11  vii) 1/2

In

ix) % x) 1 xi)% xii)g xiii) S xiv)5/2  xv)-1/v/3  xvi) 1
d

Sy

3. (i) % i) 3 iii) 2

Continuity and Discontinuity of Function
In the figure we observe that the 1% graph s .
of a function in Fig-1 can be drawn on a paper

without raising pencil i.e. 1% graph is continuously —

moving where as Fig -2 represents a graph ,

which cannot be drawn without raising the pencil.

Because there are gaps or breaks. So, it is
discontinuous. i) B

The feature of the graph of a function displays an important property of the function called continuity
of a function.

Continuity of a Function at a point

Definition — A function f(x) is said to be continuous at x = a, if it satisfies the following conditions
0] lim,_, f(x) exists.

(i) f(a) is defined i.e. finite

(i) limy,, f(x) = f(a)

If one or more of the above condition fail, the function f(x) is said to be discontinuous at x= a.
Continuous Function

A function is said to be continuous if it is continuous at each point of its domain.
Working procedure for testing continuity at a pointx = a
1°' step — First find lim,_,, f(x) by using concepts from previous chapter.
If lim,,_,, f(x) does not exit then, f(x) is discontinuous at x = a.

If lim,_4 f(x) =1, then go to 2" step.




66

2" step — Find f(a) from the given data
If f(a) is undefined then f(x) is not continuous at x =a.

If f(a) has finite value then go to 3" step.

3" step — Compare lim,_,, f(x) and f(a)

If lim,_,, f(x) = f(a), then f(x) is continuous at x= a, otherwise f(x) is discontinuous at x = a.

Examples

Q1. Examine the continuity of the function f(x) at x = 3.

x2-9
f(x) = {x—3 x#3

6 x=3
Ans:-
2_ —
lim, s f(x) = lim==2 = lim &F2@=3)
X

-3 x—3 x—-3 (x-3)
= lmx+3)= 3+3=6
x—

From given data f(3) = 6
Now from above lim,._; f(x) =f (3)
Therefore, f(x) is continuous at x = 3.

Q2. Test continuity of f(x) at ‘O’ where,

f(X) - {(1:— 336)E x#0
e x=0

Ans:- limy o f(x) = lim(1+ 3x)3
X—
L3
= lim (1 + 3x)3x
x—0
=3
= lim {(1+43x)sx}
x-0
L .3
=  {lim(1 + 3x)3x }
x—0
= e3
1
{As lim(1+x)x = e
x—0
1
lim(1+ Ax)ax =e
x—0

1
In particular lin%(l +3x)x = e
X—
and we know, lim,_ {f(x)}" = {lim,,, f(x)}"}
From given data f(0) = €°
Hence, lim,_, f (x) = f(0)

Therefore, f(x) is continuous at x = 0.

{Asx>3,x#3 =>x-3#0}
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Q3. Test continuity of f(x) at x =0

i
0 x=0
Ans. limy_, f(x) = lim%
x—0 X

As |x| is present and x>0, so we have to evaluate the above limit by L.H.L and R.H.L method

LHL = limye 2 (x>0 =>x<0}
= lim,_ - —
= lime-(-1) = (-1)

RH.L = lim, o+ 21 {x>0" => x>0}
= limyor> = lim, e+ (1) =1

Hence, LH.L # R.H.L
Therefore, f(x) does not exist.

Hence f(x) is not continuous at x = 0.

Q4. Test continuity of sz_: atx = 2.

Ans. Here, f(2) = - 24 = % undefined.
Hence, f(X) is not continuous at x = 2.

Q5. Test continuity of f(x) at ‘0.

sin3x

f(X) — tanSSx
Ex =0

0

sin3x

sin3x .
Ans. lim,_,f(x) = llmx_>0t — = limy ¢ =i
X

sin3x .3

4 3x
- hmx—)O tan 5x.5 hmx—>0{(

5x

sin3x tan5x
—) /(=

_ 3 1, _ 3
=5 @ =3

Given that, f(0) ==

Thus, lim,_, f(x) # f(0)

Hence f(x) is not continuous at x = 0.
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Q6. Test continuity of f(x) at x = -
(1-x x<1/2
i) = {x x>1/2

Ans. First understand the function properly

When X<% , f(x) =1-x

x>% ,i(x) =x

Whenx:Z,

_ _ 1 _ 1
f(X)—l—X—l-E = E

Now let us find the lim,._, , f (x)

2

LHL = lim_ - f(x) = lim_1-(1-x) {Asx>1 ie.x<, sof(x)=1-x}
2
= 1 - 1 = 1
2 2
RHL =lim .+ f(x) {As xe% i.e. X >§ . So, f(x) = x from definition of f(x)}
xX——
2

T _ 1
=lim ,+x ==
X 2

Now from above L.H.L = R.H.L
S lim, 1 f() =5 oo (1)
From definition (5) =5 --mermeene- )
From (1) and (2)
lim,_1f() = 1)

. . 1
Hence, f(X) is continuous at x = >

Q7. Test continuity of f(x) at x =0, 1

2x+1 ifx<0
fx) =1«x if0<x<1
2x—1 if x>1

Ans. Here given that

f(x) =2x+1 forx<0 e (0)
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When x =0, f(x) =f(0) =2x+1=2X0+1=1 ---------- 2)
When 0<x<1, fx)=x e (3)
Whenx=1, fx)=fl)=x=1 = —meeeeeee- (4)
Whenx>1, fx)=2x-1 e (5)
Continuity test at x = 0
LHL = limy_ o f(x) {x2>07=>x<0 =>f(x) = 2x+1 from (1)}
= lim,Lo-(2x + 1)
= (2X0)+1 =1
RH.L = lim,_o+ f(%) {X>0*t=> x>0 => 0<x<1 => f(X) = x}

= lim,,o+x =0
AsLHL # RH.L
= lim,_( f(x) does not exist
Hence, f(X) is not continuous at x = 0.
Continuity testat x =1
L.H.L =lim,_ ;- f(x) =lim,_- x {x =217 =>x<1li.e. 0<x<l =>f(x) = x from (3)}

=lim,;-x =1

RH.L=1lim,+ f(x) =lim,_+2x—1 {x2>1%* =>x>1, f(x) = 2x-1 from (5)}
=2X1-1=1

AsLHL=R.H.L
lim,,, f(x)=1

From given data f(1) = 1 {from equation (4)}

Hence, lim,_ f(x) =f(1)

Therefore, f(x) is continuous atx = 1

Q8.Examine continuity of f(x) = [3x + 11] atx = - (2016-S)

Ans.

limx_)_%f(x) = limx_)_%[Sx + 11] {Letu=3x+11 when x> - 13—1 u=3X-2>3x —% +11 =0}

=limyofu] - (2)
Now, lim,_o-[u] =lim, - —1=-1 {Asu—>0" =>-1<u<0=>[u]=-1

And lim,_y+[u] =lim,_,,+0 =0 {Asu>0*=>0<u<l=>[u]=0}
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As,LHL#RH.L

= limy,o[u] does not exist =>lim__ 11 f(x) does not exist.
3

Hence, f(x) is not continuous at x = 0.

Q9. Determine the value of K for which f(x) is continuous at x = 1.

x% —3x+2 %1
f(x) = { -1 =X
K x=1

Ans.
Given function is continuous at x = 1.
=>lim,,; f(x) =1(1)
=>limyLq f(x) =K —mmmmeeeeee- (1)
Now, let us find lim,,_; f(x)

x? - 3x+2
x—1

. . 0
limyy £(2) = lim, G form)

x?% = 2x—x+2
x—1
x(x—2)—1(x-2)
x—1
(x-2) (x-1)
(x-1)

=lim,_,4
=lim,_,4

= lim,_,4

{Asx>1,x#1, x-1#0}

lime,,(x—2) =1-2=-1 e 2)
Hence, From (1) and (2) we have K=-1. (Ans)

ax?+b ifx<1
Q10. If f(x) = 1 ifx=1
2ax—b ifx>1

is continuous at x = 1, then find a and b.

Ans.
Given that f(x) is continuous at x = 1
= limx—)l f(x) = f(l)

= limy,; f(x) =1 e (1) {Asf(1) =1 given}
From (1) as lim,_,; f(x) exists
=>lim, - f(x)=lim, .+ f(x)=limy_,; f(x) --------=-m-mmmmmmm- (2)

From (1) and (2) we have,
limy_;- f(x) =1

=>lim,-(ax?+ b) =1  {As x>1-=>x< 1 =>f(x) = ax’ +b from def" of f(x)}
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=> ax1’+b=1
Again from (1) and (2)
lim,_ .+ f(x)=1
=>lim,_+(2ax —b) =1
> 2xax1l)-b=1
= 2a—-b=1
Eq"(B) a+b=1
Eq" (4) 2a-b=1

From (3) a+tb=1

1

> b=1l-a=1-2-=
3 3

1

2
Hence, a=:; and b =3

Q11. Find the value of ‘@’ such that

sinax

sinx
1

f(x) =
x=0

is continuous at x =0

Ans. f(x) is continuous atx =0
=>lim,_o f(x) = f(0)

sinax _ 1

=>lim,o sinx a

sinax
ax )

=>a =1 (Ans)

{x>1" =>x>1, =>f(x) = 2ax - b}
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Q12. Examine the continuity of the function

2¢in L
f(x) = {X st 2 x%0 atx =0.
0 x=0

Ans.
Let us evaluate lim,_,, x? sin% :
We know that -1 < sin % <1
=>(-1)x’< x* sin % <x*.1
=> -x’< x*sin % < X
Now, lim,_q(—=x2) = -0°=0

limyox? = 02 = 0

Hence, by sandwich theorem
lim,_, x2 Sin% =0

Givenf(0) = 0
Hence lim,_,q f (x)= f(0)

Therefore, f(x) is continuous at x = 0.

Q13. Test continuity of f(x) at x =0

1

f(x) = £§:l x#0
(X) ex+1
0 x=0

Ans:-Evaluation of lim,._,, f(x) is not possible directly.
1

) ex—

L.H.L = lim,_o- f(x) =lim,_o- =

ex+1

1

1
{when x>0~ then > -0 =>ex> 0}
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1
. . ex—1
RH.L. =lim,_y+ f(x) = lim, o+ —
ex+1

1
{when x>0* then -0 =>ex>00 =>5>0}

ex

1
ex 1 1
171 -7
. X X 1=
=lim,_ + 5% =lim,_,+ —5%
ex 1 1 1
Tt ex
ex ex
_ 1-0 _
T o140
From above L.H.L # R.H.L
=>lim,._,, f (x) does not exist.
Therefore, f(x) is not continuous at x = 0.
Q14. Discuss the continuity of the function
-2 x#0
f(x) = {x x X at x=0
2 x=0
Ans: -
. . IxI
LHL = limg,y- f(x) = limx ——
x—0" X
=limy_o-{x — % {x-->0"=> x<0=> |x| =-x}
= lim,_o-{x—(—=1)} = lim,_¢-{x + 1}
=0+1 =1
. . IxI
RHL. = limg o+ f(x) = xll)rgler -

=lim,_g+{x =2} {x->0"=> x>0 => |x| =x}
lim,_¢-{x—1)} =0-1 = -1
So, LHL # RH.L =>lim,_, f(x) does not exist.

Therefore, f(x) is not continuous at x = 0.
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Exercise

Q1. Find the value of the constant K, so that the function given below is continuous at x = 0.

1—cos2x :/: 0
f(x) = {—sz x (5 marks)
K x=0

Q2. Test the continuity of f(x) at x = 1, where
x2+ 1 ifx< 1
flx) = {2 ifx =1 (5 marks)
3x—1 ifx>1
Q3. Show that the function f(x) given by

x is continuous at x = 0. (5 marks)

£(x) :{Siﬂ+cosx x#*0
x=0

Q4. Test continuity of f(x) at x = 1

x7-1 1
f(x) = {x—1 xF (5 marks)
7 x=1
Q5. Test continuity of f(x) at x =0
f(x) = {(1 + sz); if (’)‘ * 0 (2017-W) (5 marks)
e“ly x =

Q6. Test continuity of f(x) at x = 2

|x—2]
f(x) = {x—z X # 2 (10 marks)
1 x =2
Q7. Find the value of K for which f(x) is continuous at x = 0.
8%—4%-2"+1 0
f(x) = { x2 X (2016-S) (10 marks)
K x=0

Q8. Test the continuity of the function f(x) at x = 0.

sin3x =0
f(x) = {tar}‘lm x (5 marks)
3/7 x=0
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Q9. Test continuity of the function f(x) at x = 1

x2—4x+3
f(x) = {—x_l x# 1 (5 marks)
2 x=1

Q10. Examine the continuity of the function of f(x) at x=0.

2x + 1 ifx< 0
f(x) =<0 ifx =0 (2014-S) (5 marks)
x2+ 1 ifx>0

Answers
1)K=1,

Q no. 2, 4,5, 8 are continuous .

6, 9, 10 are discontinuous

7.2(In2)?
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Derivatives

Introduction

The study of differential calculus originated in the process of solving the following three
problems
1. From the astronomical consideration particularly involving an attempt to have a better
approximation of & as developed by Bhaskaracharya, Madhava and Nilakantha.
Finding the tangent to any arbitrary curve as developed by Fermat and Leibnitz.
3. Finding rate of change as developed by Fermat and Newton.

In this chapter we define derivative of a function, give its geometrical and physical
interpretation and discuss various laws of derivatives etc.

Objectives

After studying this lesson, you will be able to:

(1) Define and Interpret geometrically the derivative of a function y = f(x) at x = a.

(2) State derivative of some standard function.

(3) Find the derivative of different functions like composite function, implicit function using
different techniques.

(4) Find higher order derivatives of a particular function by successive differentiation
method.

(5) Determine rate of change and tangent to a curve.

(6) Find partial derivative of a function with more than one variable with respect to variables.

(7) Define Euler's theorem and apply it solve different problems based on partial

differentiation.

Expected background knowledge

1. Function

2. Limit and continuity of a function at a point.

Derivative of a function

Consider a function y = x?

Table-1
X 5 51 5.01 5.001 5.0001
y 25 26.01 25.1001 25.010001 25.00100001

Let x =5 and y = 25 be a reference point
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We denote the small changes in the value of x as '6x’,
6x = small change in x

6y = change in y, when there is a change of dx in x.
Now, ‘;—z is called Increment ratio or Newton quotient or average rate of change of y.

Now, let us write table -1 in terms of x, 8y as

Table-2
ox 0.1 0.01 0.001 0.0001
Sy 1.01 0.1001 0.010001 0.00100001
Sy 10.1 10.01 10.001 10.0001
Ox

From table-2 &y varies as 6x varies

It is clear from the table when §x—=> 0
= §y>0 and 23 10

This % when 6x—> 0 is the instantaneous rate of change of y at the value of x.

d .
In above case x = 5, soﬁatxz 5is 10

Definition of derivative of a function (Differentiation)

If y = f(x) is a function. Then derivative of y with respect to x is given by

dy _ ;.
—, = limsy

f(x+8x)—f(x)
Sx

% is also denoted by f'(x)

d_y:df(x) =f' (X)=f'
dx dx .
are same notations

Process of finding derivatives of dependent variable w.r.t. independent varibale is called
differentiation.
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Derivative of a function at a point ‘a’

Derivative of y = f(x) at a point ‘a’ in the domain Dy is given by

Ay 1 _ 5 o) =1 fla+h)-f(a)
L fea= 1 (@) = limy,_, LT

Example -1

Find the derivative of f(x) = x> atx =5

day — — 1 f(5+R)—f(5)
Ans. T T f! (5) = llmh_,oT

(5+h)*—52
h

- lirrlh—>0

. 5+h+5)(5+h—5
=lnnhﬁ0£————%————l

(10+h)h _

= limh_,o limh_)o(lo + h) =10

Geometrical Interpretation of %

Y
: Qx4+ dxy+ &
(Fig.-1) R
PM =y
QN =y + &y
P5=dx
Qas= &y
P+ by
L 4
X X
o= X M N
h x+ 8x g

oM =x
T
| 4 ON=x+ 6x
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Let f(x) is represented by the curve in fig-1 given above.

Let Q(x+dx,y + &y) be the neighbourhood of P(x,y). PM and QN are drawn perpendicular to X-
axis.

PS+ QN

Let QP Secant meets x-axis, (by extending it) and @ make angle 6 with x-axis then angle QPS
=0

In AQPS, tan g = £ =22
AsQN=y+d8y, NS=PM=y

=> QS = QN — NS = §y.

Similarly, ON = x+éx and OM =x =>PS =MN = ON - OM = 6x

When 6x —0 then Q—P and QP secant becomes tangent at P.

INAPQS | 1, 9= { tan @ gives slope of PQ line}
T 6x
We know
limg, g g—z = % =tanb

Now when éx — 0 the line PQ becomes tangent at P

So,

d
é = tan 0 = slope of the tangent to the curve at P.

So derivative of a function at a point represents the slope or gradient of the tangent at that point.

Example 2
Q. Find the slope of the tangent to the curve y = x? at x = 5.

Ans. As we have done it in example — 1.

dy _
s = 10

Therefore, slope of the tangent at x =5 is 10.
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Derivative of some standard functions

d —
1. dx (C) =0

a = n™1
2. = (x™) = n.x™

jl X\ — 4 X H ji_ Xy = 5%
3. = (a¥) =a*log.a In particular ™ (e¥)=e

1
x logea

d _ . d _d _1
4, = (log, x) = In particular o (log, x) = o (Inx) = =
5. ;—x (sinx) = cosx
6. = (cosx) = -si
. - (cosx) = - sinx
a — 2
7. = (tan x) = sec*x
a - 2
8. = (cot xX) = - cosec*x
d -
9. o (sec x) = sec x.tan x
10. % (cosec x) = - cosec X. cot X
i 1 _ 1
11. = (sinT'x) = Newre

2 (cos~lx) =-
12. = (cos™x) =

1-x2
13. % (tan~1x) = 1+1x2
14. % (cot™x) = - ﬁ
15. % (sec™1x) = le\/%
16. % (cosec™x) =- Ithvlcz——l

Algebra of derivatives or fundamental theorems of derivatives

If f(x) and g(x) are both derivable functions i.e. their derivative exists then,
) - {cfxr=cf'(x)

(i) = (f+g)=f'+g

(i) - (f-g)=f'-g

(v) —-{fg}=fg'+f'g

d fy_fg-fg
v =th=
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Example-3
Find the derivative of the following:
(i)3x3 (ii) 6vx (i) 9 3* (iv) 5 cot x
Ans.
) = (3)=3 d(“ =3 X 3 x371 = 02
() Z=lW_gd0-6 L (hmpln =617 =2

(i) 2=9C3) - gl

— x
dx dx dx =93"In3

(iV) d(5cotx) =5 d(cotx) _

=5 (- cosec?x) = - 5 cosec®x

dx dx
Example 4
. dy S S
Find " Hy=x°>-x+6

(i) y = % + x2(1-x) + sin"1 x

(i) y = cosec x - sec™! x.cot x

Ans.

i dy _d .3 _,2

(@ dx—dx(x x“ +6)
_ded) _d@?) | d(e)
- dx dx dx
=3x%2-2x+0
=3x2% - 2x

. d d

(ii) d—z—dx(\/_+x2(lx)+sm x)

d(—x) d d . _
= d—f +a{x2 (1—X)}+E(sm 1x)
d(x_zl)

{2 (1-X) + - (). (1-X)}+ = (sin"1x)
{as = (fg)=fg'+f'g}

=(Hxe (22 (0-1) + 2x (1-0}+ =
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1 2 2 1
S-S -xt+H2X- 2%+ —
Zx% 1-a?
1 1
=-—+2X- 3%+ —
Zx% 1-x2
(III) dy _ d(cosecx —sec”!x.cotx)
dx dx

_d(cosecx) d(sec !x.cotx)
dx dx

1

_ -1 2
=(- . - (- +
(- cosecx.cotx) — {sec™" x . (- cosec* X) T
a1 2. 1
sec™ " x cosec“x - COSecC X cot x P e cot x
Example-5
Find the derivative of following functions w.r.t x.
2 x x 3 2lnx 2
. 3x°4+2x+5 ... a¥—b ... tanx . x5-2e +In x3
R ()R () e B () N )
Ans.
1
) dy _ (3@@x0)+2+0Wx- (3x2+2x+5)%x5_1
W s (Vx)?
d f\_f'g-rg
{As = G =12
(6x+2)\/§—(3x2+2x+5)ﬁ
- X
3 3 3 5
_ 6x2+2\/§—5x2—\/_—m
X
9 3 5
PR
X
9 1 5
Z—\Xx +—=- 3
2 Vx 2x2
. _ ax_bx
i)y y=%
dy _ (a¥*lna-b*Inb)x—1(a*-b%) {i(z) _ f’g—fgl}
dx x2 dx'g’ = g2

_ xa*Ina-xb*Inb—-a*+b*
= =

_ a*(xlna—-1)+b*(1-x1Inb)
= —

cot x}

(V) xsinx -

ex
1+x

2
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(iii)

(iv)

ay _

dx

(V)

_ tanx
y cos™lx
-1 2 -1
cos™!x sec’x—tanx
dy _ =
dx (cos™1x)2
_ t
cos™1x sec?x+ —nX)
— Vi1-x2
(cos™1x)2
3 2
y= x5—2e2M% 4 1n x3

x+1

3
= 2 2
x5-2elnx +§lnx

= — {AS elnx =x and lne* = x}
x+1

3 2
x5—2x2+§lnx

x+1

3 3
(%xg_l —4x+%> (x+ 1)—<x§—2x2 + éln x)(1+0)

(x+1)2

3 =2 2 3 2 2
=X 5 — —_ —x5 )
<5x 4x+3x>(x+1) X5+2x 3lnx

(x+1)2

3 -2 3

3 3 2,3 22 2 3 2
Sx5—4x2+54+3x 5 —4x+——x5+2x%-=Inx
5 3's 3x 3

(x+1)2

3

2 2 2.2 3 2 2
=—4x-2x°—=x5+—+———=Inx
3 5 2'3x 3

5x5
(x+1)2
dy _ d . d, e*
— = —(XsSinx )— —
dx dx( ) dx 1+x2)

e*.(1+x2)—e*(0+2x)

= {xcos x+ 1. sin x} - {—— =}
. eX+x%eX—2xe*
= + -
X COS X + sin X — =}
. 1+x2-2x
= + -eM—=
X C0S X + sin X - e*{ =)

2
. 1-x
:xcosx+smx-ex( 2)
1+x
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Example 6
Find the slope of the tangent to the curve y = Inx at x = 17 [2017-w]

Ans.

Slope of tangent to the curve y =Inx at x = % is Z—i’ X:%

y _ 4 =1
Now, = dx(ln X) = -

d
Now 2| | =
dxly—=

2

=2

VIR R

Example -7
Find f' (v/3) if f(x) = x tan™! x[2017-w]

Ans. f(x)= xtan"lx

d(x tan"1x 1 _
f'(x) = ( )= +1. tan"tx
dx 1+x2
— -1
=x—+ tan"'x
1+x

Example-8
Find the gradient of the tangent to the curve 2x2-3x-1 at (1,-2).

Ans.

Y- 4x-3
dx

ay =4X1-3=1
dxlagt (1,-2)
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Derivative of a compaosite function (Chain Rule)

Composite function
A function formed by composition of more than one function is called composite function.
Example of composite functions
1)sin x? is form by composition of two functions, one is sinx function and other is x2.
y=sinx? = sinu where u = x?
2) Similarly y = Vx2 + 3x + 1 is written as
y=+vuwhere u=x?+3x +1
3) y= /sin(x2 + 1) is form by composition of three functions.
y =+u where u=sinv and v = (x2+1)

Chain Rule

If y = f(u) and u is a function of x defined by u = g(x), then

dy _dy du
dx du dx

Generalized chain rule

If y is a differentiable function of u, u is a differentiable function v, ..... and finally t is a
differentiable function of x. Then

dy _dy du dt

dx du’ dv dx

Example - 9
. dy
Find i
(i).y=(x?+2x—-1)>° (i) y = cot3x

(iii) vsinvx (2016-S) (iv) an* (v) 5sinx?
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Ans.
(i) y=(x%?+2x—-1)°
Here, y=u®>andu=x%+2x—1

du _ = W _ g4
dx—2x+2—2(x+1)and ” 5u

dy _dy du
dx du dx
= 5 u* 2(x+1)

=10 (x2 + 2x — 1)* (x+1)
(i)  y=cot3x can be written as y = u3
where u = cot X

du 2, 4y 2
— =-cosec*x, —=3u
dx ' du

dy _ dy du

— 220 2
" 2 dx—3u( cosec“x)

= - 3 cot®xcosec®x

(i) y=+/sinVx

Herey =+u,u=sinv, v=1/x

SO d_y L d_u =CcosV, — L

du 2’ dv T 2yx
dy _dy du dv
Therefore, - Id dv Ix

=L COSs v L

T ovu " 2\x

2\/smv cos \/— 7

_ cosvx
4+/sinx \x

(v) y=an
Herey = a“ whereu =Inx

d du 1
Y -g¢lnagand ==
du dx x
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dy _dy du 1
Hence 2 =222 — qu|pq.=
dx dudx X
1
=a™Ina -
X
1
==Inqa!™*
X
(v) y= gsinx?
Herey = 5%, u=sinv, v =x?2
d du dv
Y =sguips, = cosv, L = 2x
du dv dx
d dy du dv
Therefore, &2 = 2222 = sun 5 cosv. 2X
dx du dv dx

= 5SIn? | 5 cos x2 2x
= 2x In5 551"*° cos x2
Example — 10

Differentiate the following functions w.r.t. x.

(i) cot=1Vx (ii) ﬁ (2016-S) (if) = +b) (2014-S)
(iv) tan ™ (secx + tanx) (2017-S)  (v) cos™H (2T
Ans.
(i) dycot™'Vx _ d(cot™' V)
dx dx
{Herey =Vu , Thendy ddf 2\1/_,u—cot1\/§—cot1 Z::_rlvz}
= zm{ 1+(j/—)2} e {v=+x , then by chain rule 2= 222
) Z\F(1+x) Z\F
) 4ﬁm(1+x)
- 4\/—(1+x)1\/m
) )= Tep’ ®
RGN
{f ()3
(i %{f(a;b)}: -{f(ax1+b)}2 (ax+ b) ~ (ax+b)
_af'(ax+b)

f(ax+b)?2
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(iv) y=tan !(secx + tanx)

=tan"1( 1 n smx)

CosXx COosX

_ —1,1+sinx
= tan”( cosx )

1 sin2§+ coszg+25in’2—ccos§
=tan™ { }

X . X
cos2=-sin2=
2 2

(sin’z—c+ cosjz—() 2

= tan~1{

}

X X X . X
(cosE—smE) (cosE+sm§)

-1(“’5{ _ x) {dividing numerator and denominator by > }

cos> sinZ
2 2
+ x
X X
_ 4 COS5 COS=. _4 l+4+tans
=tan"1(—2—2%) =tan"I( 2)
cosy siny 1—tan§

COSE COSE
2 2

tan—+tan—
5) = tan~Y{tanG + D} =T+ 2

= tan~ ! (— 22,
1- tan tan

dy _ d -1 4 m, X% 1
Hencedx dx{tan (secx +tanx) } ™ (4+2) 5

cos x+sinx

(v) osTH(——7—)

_ 1 1 : 1
=cos “(cosx =+ sinx.—=

— T . . T
= cos !(cosx cos; +sinx. smz)

— -1 —_T\=y.T
=cos™ (cos(x 4)) X--

cos x+sinx
— )

W_ 2 cos !
Hence —= = (cos™*( 7

dx
_4a Ty _
- a (X - Z) =1
Example -11
. . dy
If y = sin 5x cos 7x then find e
Ans.
dy _ _. d d, .
kil 5x &(cos 7X) + a(sm 5xX). cos 7x

=sin 5x. (-7 sin 7x) + 5 cos 5x cos 7x

=5 cos 5x cos 7x — 7 sin 5x sin 7x
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Example -12
i Y e 2(9,.2
Find - if y = cosec®(2x* + log; x)

Ans.

1
xlog, 7

% = 2 cosec (2x? + log; x){(-cosec(2x? + log; x)).cot(2x? + log, x)} (4x +

)

= - 2 cosec?(2x? + log, x). Cot (2x2 + log, x)[4x + ]

xloge 7

Methods of differentiation

We use following two methods for differentiation of some functions.

0] Substitution
(i) Use of logarithms

Substitution

Sometimes with proper substitution we can transform the given function to a simpler function in
the new variable so that the differentiation w.r.t to new variable becomes easier. After
differentiation we again re-substitute the old variable. This can be better understood by following
examples.

Example — 13

y = tan~1 (%)
1+ x2

Ans.

y = tan"1 (%)
1+ x2

(If we differentiate directly by applying chain rule , it will be very complicated. So, we have to
adopt substitution technique here.)

Vx—x )

Vx—xy _ -1
3) = tan (1+ Vx.x

1+ x2

Now y = tan™1(

Now Put vx = tan « , x = tan

tanx—tan 8
P ETT—)

Then,y = tan_l(1+I:anoz.tanﬁ

= tan"(tan(x —f))

=«-f tan' x tan"lx
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(AsvVx =tanx = «= tan"'+/x and x =tan f = B = tan '/x)

Y- tan~1vx -
Now —= = — (tan Vx - tan x)

1 d(\/}) 1

T 1+Wx)? dx T 142

1 1 1
14+x " 2vVx  14x2

1

= m -z (Ans)
Example =14
Find £ ify = cos (%) (2015-)
Ans.
y = cos_l(ii) {Puttanf =t = 6 = tan 't}
Ctan?

= cos_l(ﬂ)

= cos™1(cos 20)

=20

=2tan" 1t

ay _ 2

a —14y —
Tat (2tan™" ) = 1+t2

dat
Note

When we apply substitution method, then we must have proper knowledge about trigonometric
formulae. Because it makes the choice of new variable easy. If proper substitution is not made,
then problem will be more complicated than original.

Example =15

Ify = sec™! (“=) then find 2

Ans.
2 2
y =sec!(*-5) Putx=atan @
2 2 2 2 2
— Sec_l(\/a +aatan 9) - SeC_l(‘/a (1-|(-1tan 9))
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asecl

= sec‘l(M) = sec‘l(—)
a a
=sec l(secH) =0 = tan‘l(g)

Do 2 fran-t (= 5L (5)
NOde dx{tan a} 1+({)2dx a

a.

1 1, _1 1

= 2 (_)

X
1+2) a

T g a?+x?
a2

2

a a

T a(x?+a?)  x%+a?

Example — 16
Differentiate sin?(cot™! ’g)w.r.t X. [2018-S]
Ans.
-1
y = sin?(cot™! %) {Putx=cos20 =9 =""0
2 -1 | A+cos26\y _ . o —1 [2cos?6
= sin“(cot (—1_COS 29)) = sin“ ( cot YT )

= sin? (cot ' Vcot?20)

dy _dy d8 _d (oo d cosTx
dx_de'dx_dG(Sln g)dx( 2 )
o 1, -1
=2siné cos¢92 (\/_sz)
= sin 26 ( -1 ) _ Vi-cos*20
- 24/ 1—x2 2v/1—x2
_ 1-x%2 _ 1
T oixz | 2 (Ans)
Example — 17

Find the derivative of cot™' (V1 + x2 + x) w.r.t X

Ans.
y =cot™!(V1+x2+x)
= cot (V1 + cot26 + coth)
= cot™'(Vcosec?6 + cot )

= sin? cot™1(cot ) =sin?0

{ Putx=cot 8 =>0 = cot™!x}
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= cot™!(cosech + cot8)

1 + 6056)

sinf@ sinf

)

cot™1(

1+cosf

— -1
= cot ( sinf@

cot™ (—5—2%)
Zsm?cosE

[

COS—
cot™(—3)

Sl?’lE

-1
= COt_l(COt(g)) = g = COtZ ad Type equation here.

dy_d(cot‘lx)_l(—l)_ 1
dx dx 2 2 ‘1+x2 2(1+x2)

Differentiation using logarithm

When a function appears as an exponent of another function we make use of logarithms.
Example — 18
Differentiate (sin x)tn*
Ans.
y = (sinx)t@n*
Taking logarithms of both sides we have,
Iny = In(sin x)%@n*
= Iny =tanx. Insinx

Differentiating both sides w.r.t X, we have

1d 1 .
= e tanx——.cosx + seczx. Insinx
y dx sinx

1d : -
= ;d_ic/ =tanx . cotx + sec’x. Insinx = 1+ sec?x. Insinx

d :
= ﬁ =y (1+sec?x. Insinx)

d : :
Hence d—z = (sin x)%"*¥ (1+sec?x. Insin x)
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Example — 19

(x—1)2/3x-1

3
x7(6—7x2)2

Differentiate y =

Ans.

y = (x—1)2/3x-1

3
x7(6-7x2)2

Taking logarithm of both sides

3
=Iny=In(x —1)?2 +InV3x — 1 -Inx” - In(6 — 7x?)2 {as log ab=log a+log b&log% = log a-log b}
=>Ilny=2In(x—1) + %1n(3x —1)-7Inx- %ln(6 —7x%) {asInx™ = n Inx}

Differentiating both sides w.r.t, we have

1dy _ 2 d(x-1) s 1 d(Bx-1) 7 3 1 d(6-7x?)
ydx x-1 dx 2(3x-1) dx x 26-7x2 dx
2
-2 ,_ 3 7,304
x—1 2(3x-1) x 2(6-7x2)
-2 ,_3 7 21x
x—1 2(Bx-1) x 6-7x2

]

a 2 3 7 21x
>y =+ L
dx x—1 2(Bx-1) x 6-7x2

3 7 21x

d x-1)%y/3x—1 . 2
= _y = L [ _c _ L
x—1 2Bx-1) x 6-7x2

dx

1 (Ans)

x7(6—7x2)%
Example — 20
Find the derivative of y = (logx)®"*  (2017-W, 2015-S)
Ans: - y = (log x)tanx

Taking logarithm of both sides,

logy =log(log x)tan*
= logy = tanx log(logx)

1dy 1 1 2
>-—=tanx — .-+ log(l
S ta Togx " x T Secx og(logx)

:d_y_ (tan
dx

x 2
Tlogx + sec”xlog(logx))

d t
= ﬁ = (log x)tan* (% + sec?xlog(log x)
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Example - 21
Differentiate (sinx)!™* w.r.t x
Ans.
y = (sinx)n¥
Then log y = log (sin x)!™* = In x log (sin X)

Differentiating w.r.t x ,

ldy _

1 1 .
_— + =
S dx Inx o Cosx + log(sin x)

dy_ log(sinx)
/= =" =7
= y[ Inxcotx " ]

LAy _ Inx log(sinx)
..dx—(smx) [ In cot X + ——— ]

Example — 22
. dy . _
Find = ify=x*
Ans. y=x*
Taking logarithm of both sides,
= logy =logx* = x log x

Differentiating w.r.t x ,

1d
1dy
y dx

= x.i +1.log x

> 2 =y (1+log X) = x*(1 + logx).

Example — 23

Differentiate (Inx)* + (sin™!x)* w.r.t. x.

Ans:- y= (Inx)* + (sin™1x)* = u +v

u=(Inx)* and v = (sin"t x)*

Taking logarithm of both sides,

= logu = log (Inx)* and logv = log (sin~! x)*

= log u=x log (In x) and log v = x log (sin~! x)

(2017-S)
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Differentiating w.r.t x ,

da da .
> %ﬁ =~ (xlog (Inx)) ()) and %d—z = (xlog(sin~1x))
d d -
= %ﬁ =[x ; + 1. log (In x)] and %d—zz Xsin1—1x . \/% + 1. log(sin~'x)
du _ 1 + | d av _ + 1
- u[ﬂ og (In x)] an == [Sm_w_ 0g(sin~1x)]
d — .
=== (Inx)* [ —+log (In x)] and = = (sin" 1 x)* [Sm_l;‘ = * log(sin™"x)]
dy
Now, 2= (u+v)=22+2

dx dx dx

= (Inx)* [— +log (In x)] + (sin"1 x)* [ + log(sin~1x)] (Ans)

_1x T2

Differentiation of parametric function

Sometimes the variables x and y of a function is represent by function of another variable ‘t’,
which is called as a parameter. Such type of representation of a fnction is called parametric
form. For example equation of circle can be given by x =rcost, y =rsin t.

Here x, y both are functions of parameter ‘1.
So, this form of the function is called parametric form.

Derivative of function given in parametric form

Ify=f(t),x=g(), Then

ay_fo_ %@
=N T dgn
ax g'(ty =L &)

Example — 24
Flnd |fx at? and y =2 bt
Ans.

= 2at, ——2b

&)
NOW,d—y: dat dx :ﬂ:i
dx (_) 2at at
dt
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Example -25

Find 22 if x = a(1 + cos6) and y =b (1 - sin¢) ~ (2018-S)
dx _ . _ . dy _ —

Ans. E—a(— sinf) =-asinf, i b (- cos8 ) =-b coso

dy _ (dy/df®) _ —bcosO _ b
Hence dx (dx/de) T —asin®  a cot &

Example — 26

Find % whenx=a(cost+tsintjandy =a (sint—tcost) (2017-S, 2017-W)
Ans.

dx

E=a(—sint+tcost+1.sint)

=—a(tcost)y=atcost

dy

5 - a (cost—t(-sint) — 1. cos t)

=atsint,

d

dy _ (d_}t]) _atsint _

= =g = =tant.

dx =) atcost
dt

Example — 27

2t

If sin x = 5
1-t

2t
zandtany =

then find .
1+ dx

Ans.

Putt=tan 8 {In this case by substitution we can convert both x and y into functions of
another parameter 6, which are easily differentiable w.r.t to 6 .}
2tan @

Then sin x = -—=sin 20
1+tan?6

= X = sin"1(sin 20) = 26

tanv = 2t _ 2tanf
y= 1-t2  1—tan28

= tan 260
=>y=20

d d
Now, Z=2and £=2
a6 a6

W_ a0_2_
Hence ol 1
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Differentiation of a function w.r.t another function

Suppose we have two differentiable functions given by y = f(x) and z = g(x). Then to find
the derivative of y w.r.t. z we have to follow the following formula.

d
ay _ (g

dz
dz (D

Example-28
Find the derivative of tan x w.r.t cot x (2017-w)
Ans.

Lety =tan x and z = cot X

dy 2 dz 2
— =5ec"x ,— =-cosec~x
dx " dx
dy
d (G sec?x . d(tanx .
Now, 22 = —dc’ - — = - sec’xsin®x,Hence ANy _ _ sec2xsinx
dz (33 —cosec?x d (cotx)
dx
Example — 29

Find the derivative of e21°8% w.r.t 2x2  [2018-S, 2017-w]
Ans.

y = e?logx gnd z = 2x2

d_y:i 2logx :i logx? :i 2y =
dx dx (e ) dx(e ) dx(x) 2X

4z _ 45,2y =
dx—dx(Zx ) = 4x

Hence 2= (&)=22=1
dz dx’ ‘dx 4x 2

Example — 30
Differentiate a* w.r.t x* [2014-S]

Ans. y =a¥andz=x“

d d _
Now, 22 = a¥log a and == = ax?1
dx dx
dy
dy _ (3 _ a*loga _ a*!
Hence —~ = —(%) = —a1 —raxloga (Ans)
X
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Example — 31
Differentiate sin"(—2%-) w.rt cos ! (=%)  (2016-S)
1+x2 o 1+x2
1, 2x _ _1,1-x?
Ans. Lety =sin (1+x2)& Z = cos (1+x2)
Putx =tant
_ o —1 2x =1 2tant — =1 . _
y = sin (1+x2) = sin (1+tan2t) =sin” (sin2t) =2t
>3- 2
dat
_ _ _1,1-x% _ _1,1-tan?t _ -1 _
Similarly, z = cos (1+x2) = cos (—1+ tanzt) = cos™ *(cos2t) = 2t
dz _
e 2
ay @ _2_
=4 =Z=
dz (E) 2
d (sin"1(2%)
Hence we—=1
d (cos™'(;52))
Example — 32
Find derivative of log x w.r.t v/x [2017-W]
Ans.
y =logx and z =+vx
Ay _1 dz_ 1L
Now, —= =~ and e
dy 1
Hence Z—y = (fé) =% = 2x \/i_ (Ans)
Z (H) m X X
Example -33
. . 1-cosx 1-sinx
Differentiate .
1+cosx 1+sinx
Ans.
_ 1-cosx _ 1-sinx
" 1+cosx " 1+sinx
dy _ (1+cosx)(sinx)—(1-cosx)(-sinx) d fy_f'g-fg
dx (1+cos x)? {AS dx { g} T g2 }
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_ sinx+sinxcosx+sin x—sinxcosx
(1+cosx)?

2sinx
(14cos x)?

dz _ (1+sinx)(—cosx)—(1—-sinx)cosx
dx (1+sinx)?2

__ —C0sx—CO0Ss x sin x—cos x+cosx sinx

(1+sinx)?2
_ —2cosx
(1+sinx)?2
d 2sinx .
day _ ( y/dx) _ (1+cosx)? _ —tanx(1+sinx)?
dz = (%9zy ~ _Z2cosx ™ 1+cos x)?
(dx) (1+sin x)2 ( )

Differentiation of implicit function

Functions of the form F(x,y) = 0 where x and y cannot be separated or in other words y
cannot be expressed in terms of x is called Implicit function.

eg.x2+y%2-25=0
xY = y*

x?y+y?x+xy=25 etc

Derivative of Implicit functions can be found without expressing y explicitly in terms of x. Simply

we differentiate both side w.r.t x and express Z—i in terms of both x and y.

Example — 34
Find % when x3 + y3- 3xy = 0
Ans.
Given x3 +y3-3xy =0
Differentiating both sides w.r.t x We have,

2 24y gy W =
3x° + 3y T 3de 3.1y=0

Win. 2 — Qy . Q2
= dx(3y 3x) =3y - 3x

dy _ 3y-3x% _ y—x?

(Ans)

dx 3y2-3x y2-x

[2015-S]
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Example — 35

Find 2 ifIn/xZ +y2 =tan'(®)  [2017-w]

Ans.

Given In/x2 + y2 = tan‘l(%)

Differentiating both sides w.r.t X,

dy
1 1 dyy _ 1 rrarss

— + =) =
VX2+y2 2,/ x2+y? (2x+ 2y dx) 1+(§)2 ( x2 )

4y _
=\'2(;vc+y o) — 1 X y)
2(x2+y?) X2+Zy2 x2
X

dy 20, W _
LY % (xgy)
(x2+y?)  (x%+y*)x?

dy _  dy
=)X+ya—Xa-y

> (xy) 2 =X +y

= dy _xty
dx x-y
Example — 36

Find Z—z if y*=xY [2014-S, 2016-S, 2017-w]
Ans. Given y* = xY

Taking logarithm of both sides

=lny* =IlnxY

=2>XxIny=ylInx

Differentiating both sides w.r.t X, we have

1d d 1
>x-2+1.Iny=2 Inx+y-=
y dx dx x
xd a
> 4 Iny=Inx2+2
y dx dx x

d
=>(;C—/—lnx)£=(§—lny)
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(x—ylnx) dy _ y—xlny
y dx x

=

-4y _ yG-xlny)
dx x(x-ylnx)

.4y _y(—xIny)
dx x(x-ylnx)

Example — 37

Find % if y2 cot x = x2 coty

Ans. y?cotx=x2coty

Differentiating both sides w.r.t X,

= 2y Z—z cot X + y?(- cosec?x) = 2x cot y + x2(-cosec?y %)
= 2y cot X Z—z - y%cosec?x = 2x coty - xzcoseczy‘;—z

= (2y cot x + xzcoseczy)Z—z = 2x coty + y?cosec?x

dy _ 2xcoty+ y2cosec?x

dx 2y cotx+ x2cosecZy

Example — 38

Find 22 if y* = xsiny

Ans.y* = x5

Taking logarithm of both sides
log y* = log x5

= xlogy=sinylog x
Differentiating both sides w.r.t x,

1dy dy . 1
= 1. + X ——= —_ . -
l.logy X i Cosy —~ logx+51nyx

= (;C—/ — logx cosy)Z—z = % —logy

(x—ylogx cosy) d_y — siny-xlogy
y dx x

=

dy _ y(siny-xlogy)
dx x(x—ylogxcosy)
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Differentiation of Infinite series

Example — 39
_gx L dy
Ify=x* , find o
Ans.
y =

>y= x5 =Y

Taking logarithm of both sides
= logy =log x¥ =y log X
Differentiating both sides

1dy dyl 1
__:_O X+ —_
ydx dx 9 yx

1 dy _y
= (;—logx)a—x

dy _y 1 _ y?

dx _ x (Jl/_l()gx) - x(1-ylog x)

Example — 2

Ify= \/sinx +\/sinx + +/sinx + -+

>y= \/sinx + (\/sinx + Vsinx + )
=>y=,sinx+y

Squaring both sides
SyZ=sinx+y
Differentiating both sides w.r.t x,

d d
=2y =2 =cos X+~

= (2y-1)3—i’ = COS X

= dy _cosx
dx 2y—-1
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Miscellaneous examples

Example -1

Differentiate the following functions w.r.t x

Vatx-+a—x
i) x| forx=0
(i)  tan"le?*

(iV) etan_1 x?

-1 7 ax
a2-12x2

()] tan

(vi) xVx
(vii)  logqgsinx +log, 10 x>0
(viii)  (x®)" + (e¥)**

(ix)  x**

V1+x2+V1-x2

N )

Ans.

() y= Va+x +Ja—x
Va+x—-+a-x

_ (Vatx+ Va—x)a+x+a—x)

~ (Vatx -va—x)(atx+ Va—x)
_  (atx++a—x)?
 (Jatx? - (Va=x)?
_ (a+x)+(a-x)+ 2va+xJa—-x
B (a+x)- (a—x)

_ 2a+2,/(a+x)(a—x)

B 2x

_a+VaZ-x?

X

ar VA

dy d
Now —= = —
0 dx dx( x

x{0+

\/—( 2x)}- (a+ VaZ—x2).1

x2

- (a+VaZ-x?2)

x2

\/a2 x2
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- x?— avaZ-x2— a?+x?

x2v/aZ—x2

- x2— avaZ-x2— a?+x?
22V a2 —x2

(a®+ ava?-x?2)
2 a2 —x2

(i) y=Ix
Whenx <0,y
Whenx>0,y=

dlx| _ d(=x) _
So dx  dx

dlx| _dx) _
dx—dx—l when x>0

—
1
=

when x <0

(i) y=tan"le?*

ay _ ( Zx) - 2e?*
dx 1+(e2")2 dx 1+ e*X
(iv) y = etan” 1x2

ay tan~1x2 d -1,.2 tan~tx2 __ 1 22
-—=e — (tan " x°) =e
dx dx ( ) 1+(x2)2 dx )
2 x etan 1x2
- 1+x4
- 7 ax
— -1 X _ —tan~!
(v)  y=tanlo——== (%)
a2
7x 3x , 4x
= tan‘l( ) = tan‘l(
12xz 3% 4x
a2 a'a

(Putting %x =tan 91&%’6 =tan6,)

_ —1 ( tan f1+tan 62
tan —_—
1—tan f1tan 62

) =tan"{tan(6; + 6,)}

_q3x _q4x
=6, +60, =tan 1?+tan 17

- @ an13%) + Lgan1
Now " dx(tan dx(tan
3 1 4
2) + =
1+( )2( )* 1+( )2 ta ( ) ﬁ(a) 14 16%2 (a)
+ oz a?

_ 3a? + 4a?

T (@2+9x2)a  (a?+16x%)a

— 3a + 4a (AnS)

a2+9x2  aZ+16x2
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(vi) y=x"*
Taking logarithm of both sides,
Iny=1In xVx
= Iny=+x Inx

Differentiating both sides w.r.t X,

1dy _
;dx 2\/—1 x+\/__
lnx
\/— Inx+2
> 2=x (2 (ans)

(vii)  y=logypsinx + log, 10

1
log, b

}

=log,osinx + {aslogya =

}

logox
1 1

(logqox)2 "x log, 10

ay _
dx sinx loge 10

cosx + {—

_ cotx 1

" log, 10 ) x(log1 x)%1loge 10

logige
x(logyo x)?

= cotx logqg e -

(vii) y= @) + (9

Lety =y, + Yy, wherey; = (x9)¢" , y, = (e¥)*°

Now, y; = (x8)¢"

Taking logarithm of both sides

log y; = log (x€)¢" = e* log x¢

= logy; =e* elogx =e**llogx

Differentiating w.r.t X we have,

(ans)

i% - ex“logx + ex+1l
y1 d
pX+1
= ‘;3& =y, (ex+1l0gx+ )
= (x©)¢ e**1 ( logx L R (1)

Again y, = (e*)**

Taking log of both sides

= Iny, = x%In e*= x°x = x°¢*1
Differentiating w.r.t x we have,

1dy, — e+1-1 — e
y ” (e+1) x (e+1)x

52 =y (e+1)x® = (€%) (E+1)x® -wromromemmreennrees
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From (1) and (2)
dy _dy1 dy2
dx  dx dx

= (x)¢"e**! (logx + i) + (e¥)*° (e+1)x® (ans)
(ix) y=@)
Taking logarithm of both sides,
Iny =Inx*" = x¥In x
Differentiating w.r.t x we have,

1d d(x* 1
__y:lnx(_)+xx_
ydx dx x

= y(Ilnx d(x )+ x*1)

= x**(In x % + XY e 1)
Now let z = x*
Taking logarithm both sides,
= log z = In x*
=logz = x Inx

Differentiating w.r.t x we have,
1dz

=>-—=1Inx+ x—
zdx

:az z(Inx+1)

= | ae®

x =x*(nx+1) | )

From (1) and (2)

dy
dx

= 2" (In x x* (In x +1)+ x*~1)
= x* (x*(Inx)% + x* In x + x*~71)
=xx* 1 x (Inx)2+xInx +1) (Ans)
V1+x2+V1-x2

V1+x2—+1- xz)
Put = x%2 = cos 6

X) y=tanl(————=

_ _1,V1+cos0+V1—cos@
Theny = tan (\/1+c056 V1-cos 9)

) Zcosz—+ /2 sm2
=tan™*(
2 cosz—— }2 sm2

_ 1 \/_cosE+\/_smE
= tan~1(o 22 Sy
N2 cos;—\/z_ sinz
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2 2
_ > > ey . 7]
=tan 1(%) {dividing numerator and denominator by E}
COS+ Sin—-
.
COSi COSi
7] T 0
1+tan— tan—+tan—
=ta —1( 2) =tan‘1( 41_[ 29
- 5 1—tanz .tan;
- -1 (i g = T g
=tan" " (tan (4 + 2)) 23
-1.,.2
— E + COoSs X
4 2
dy 1 -1
—_ = + - (—
Now —= 0 5 (W)Zx
— X
- 1-x*
Example -2
d 2
If cos y = x cos (a+y) then show that = = M
dx sina
Ans. Given cosy =X cos (aty)
_  cosy
- cos(a+y)
Differentiate both sides w.r.t x we have,
. dy . dy
_ cos(a+y)(—sin y)a —cosy (—sm(a+y))a
cos?(a+y)
1= dy {sm(a+y)60532/—cos(a+y)smy}
dx cos?(a+y)
_ ay sin(a+y-y)
=1= dx { cos?(a+y) }
d 2
>3 = €05 @) proye)
dx sina
Example — 3
Differentiate sec‘l(ij_l) w.rt Vi1 — x2
Ans.
1
Herey = sec‘1(2x2_1) ,2=vV1—x2
Let x = cos 6
— -1 - -1
Then y =sec (200529—1) Sec (cos 29)
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ec (sec20) =20 =2cos 1x

_ -2
dx (2 cos™ x)—W

dz

e %) = —_
dx 2\/1—x2(- X) T Vi-x2

d —x2 -2 _2
Now d—JZ/ = 1_xx = _—x = ;
Vi-x2

Example — 4
— 1nlogsinx f ay
Ify=10 find o
Ans.

dy d l
ay _ 10 ogsinx
dx dlogsinx ( )

(logsmx)
= 10lo8sinx g, 10% (logsinx)  (As ;—x ((a*) = a*log, a)

. 1 .
= 10!08sinx|n 10 oo Cosx = In10 cotx 10'08sinx

Example - 5
— 1 - t dy
If X =cos™1 =sin?! —=
V1+t2 V1+t2

— -1_1

X = P =
€os™ — (Putt = tand)
_ -1 51
cos (\/1+ta sec 9)
=cos ! (cosf) =60 =tan"1t

dx _ 1

dt ~ 1+t2

. t tan6 1,tanf

imilarly y = sin™1 = sin~?! = —
S aryy=s V1+t? S (\/1+tan29 ) (sec 9)

R sin @ — =1 . — — -1
sin (—COSBSeCG) sin”™(sin ) 6 =tan" "t
Ldy _ 1
Tdt T 1+¢2
dy

Hence Jar = /1stz =1

dx/dt /1+t2
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Exercise

Short Questions (2 marks)

1) Find the slope of the tangent to the curve y = x? at x = - %[2014-8]
2) Find the derivative of sin x w.r.t cosx. [2017-S]

3) Find the derivative of cos x w.r.tlog, x . [2015-S]

4) Find 2ifx=at? y = 2at. [2017-w]

5) Differentiate tan™! x w.r.t cos™! x.

6) Differentiate y = x50 % w.r.t. x.

7) Differentiate cosec(cot™! x) w.r.t sec (tan™! x)

8) Differentiate sec?(tan™! x) w.r.t (1-x2)

9) Differentiate tan™?! /i —1w.rt X

10) Differentiatecot ™! x w.r.t. cosec™! x
11) Find % of each of the following
i) (tan™!5x)2
i) (sin™1x*)*
iii) tan~*(cosvx)
iv) log,(logy x)
V) sin(e*?)
Long Questions (5 marks)

12) Differentiate tan™!(S3X=2%y w1 t x. [2017-w]

cosx+sinx

13) If y = tan~! =% then find 2.
1 dx

—sinx
14)Find 2 if x = y In (xy) (2016-S)

15) Find 2 if y = (tan x)"* (2017-w)
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16) Ifx\/1+y+y\/1+x=0Provethat(1+x2)3—z+1=0 (for x # y)

14++/x.

17) Ify = Iog( ) then f|nd

“1(X Y = pan-t w_y
18) If cos (x2+y2) =tan”" a, Prove that —= =~

H dy_ X Z y Z_
19) Flnda—f) |f(;)3+(z)3_1
+y _ . — dy _ 1-
20) If e**¥ —x =0 prove that == —

\/_.. 2
21) Ify = (\/})\/? * then prove that & a2 vloax’ ;]logx

_ 2at _ 2bt
1+t2 ' 1-t2

. ay .
22) Find o if X

23) Differentiate sin?x w.r.t (In x)?

24) Differentiate sin

-1 [1-
1+x

25) Differentiate tan™! x w.r.t tan~t V1 + x2

a(l t)

26) If x = andy = at (1 )then find £

. X _ .2 . d_y
27) If sin (xy) + 5 =X y, then find ™

28) If V1 —x2 + /1 — y2 = a(x-y) , prove thati—i: V1-y?

1—x2

Ztan~lx

29) Differentiate < ﬁ

w.r.t. X
30) If y = log (x+vx? — 1) then find 2.
31) Find % of each of the following

(i) sin~!(2axV1 — a%x?)

i () -1

(i) tan™'( fi_T)

Vx+1
\/’—1)

(iv) «x cos‘l( )+x cosec™1(
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(v) sin™1(3x — 4x3)
(vi) tan_l(1 )
(i)  cos1(E25)
vit)  Sr
ANSWER
1) -1 (2) -cotx (3)—xsinx (4y;
(6) X () xn TPy IEL) (71 (@)1
O i
1085 R (i
(iv)m (v) 2x e*2cos (e*?)
12) -1 (19); (14) e (15) (tanx)™ Elntanx 4 secx iny
17 =i (19)—%? (22) WS (23 T
(24) T (25) 2 (26) S (g7) Zpyieosto)
(29) %[ (1+x2)1tan—1x_(1fx2)] (30)\/;:2—
31) (i)\/% (ii) éifﬁ; (iii)%ﬁ (iv) x
W) == W) —= (vii) — R
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Successive Differentiation

If f is a differential function of x , then the derivative of f(x) may be again differentiable
w.rtx If f'(x) = % then f'(x)is called first derivative of f.

If f'(x) is differentiable , and % =f"'(x), then f ”(x) is called the 2™ order derivative of
f(X) w.r.t x.

The above process can be successively continued to obtained derive functions of higher
orders.

Notations

1% Order derivatives — Z—z .Y, y1, Dy, fix)

2" Order derivatives — F Y, Y2, D%y, f7(x)

3" Order derivatives — ﬁ V. ys, D3y, F(x)

" Order derivatives — nZ Y, ya, DMy, fR(X)

Example -1

Find 2" order derivatives of following function.

(i) y =x°+4x> - 2x* +1 (i) y = log, x
(i) y = vx2 + (V) y=—
(i) Y1 = Z_i/ = %(xs +4x3 - 2x? +1) = 5x*+12x2-4x+0

= 5x4+12x2 4x
_d’y _ _ 4 2
Yo = 2 dx ( ) (5X +12x -4X)
= 20x3 + 24x — 4 (Ans)
.. d 1
(i) yi=lloge ) =

i)  y=vxZ+1
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1 d .
V1= s (x%2+1) (Chain Rule)
_ 2x+0 _ x

T ovxZrl | VxE+l

X

d
y =%: ( x2+1)
2 dx dx
VT — x| L aEP+n
= (\/xz—L;ZH a (applying division formula of derivative)
JeEze) - —ZE—2
— (@*+1) 2vx2+1 x
x2+1
_ (x%+1)-x?2 _ 1
T VxZ+1 (x2+1) - (x2+1)3/2 (AI"IS)
. d,1,_d _1 _ 1_1_1_ 1 _3
(V) yi-g (@) = ?) =-gx 2 =-2x
dy; 1,3, 3.1 3 -5/ 3
=== _-=-(-— = - 2 =
b dx 2 ( Z)x : 4x 4,x5/2
Example — 2

Find y; and y, if y = log(sin x) (2018-S)

Ans.

y1= 4 log(sin x) = —_cosx = cotx
dx sinx

Yo = % = d_ljc (COtX) = - cosec®x (Ans)
Example — 3

—at? y= ind LY
If x =at* ,y = 2at then find a2
Ans.

d d
dy _ 5D _=(at) 24 _1

~ dx, — d - -
dx (E) E(atz) 2at t

d? d ,d d dy, dt
NOW—y=—(—y =4 £
dx2 dx‘dx dt dx’" dx
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Example - 4

If x=a (6 — sinf) , y = a (1+cosh) then find %

Ans.
dy . .
dy _ a6 _ —asinf _ ) sin@
dx  9x a(1l—cos6) 1-cos6
dae
6 6
—2sin; cos> 2]
= 5— = -Ccot -
2sin?2 2
d dy
d?y _ d dy. _ 250G day . .
o tabeiel o) Rl {as ol function of 6}
dae
da 0 0 0
_ Z5(—cot) _ cosecz?% _ Lcoseczg _ icosecz
dx a(l-cos8) 2a zs5in2?  4a
ae 2
1 6
= —cosec*=
4a
Example - 4
Ei d%y : 2 2 — 2
ind s from the equation x“+ y* = a
Ans.
Given x2+ y2 = @% ---eeemmmmmmeeeee- (1)
Differentiate both sides,
dy
+ — =
2X + 2y Tx 0
d
> 2=.Z (2

dx y

Again differentiating w.r.t x

0 26
= cosec’ -
2 2

2 1-x%
= % =-{ y—yzxdx }  {applying division formula }
d?y _ Y% (_TX)
> et {Fom (2}
d’y _  yPx? _ a?
= w55 }=- 33 {Form (1)}

Example - 5
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2
Ifx=3t-¢%,y=t+1, find 2 att=2.
Ans.

Given y=t+1 ,x=3t-t3.

a a
>2=1 and ZE=3-3t2
at at

d
ﬂ _ y/dt _ 1 _ 1
dx  4x/,,  3-3t2  3(1-t?)

d dy 1f -1 ) _ 2t
a?y _ @) _ 3((1—t2)2 (-20) _ 3(1-t2)2

dxz = 9 3-3¢t2 T 3(1-t2)
dat
2 ¢t
T 9(1-t2)3
d? 2 2 4 —4
Now =2 = =_*

ax?%2 7 9(1-22)3  9(-3)3 ~ 243

Example — 6

If y = e%* sin bx , then prove that y, — 2ay; + (a® + b?)y = 0 [2017-w]
Ans.
Given y = e% sin bx ------------------ 1)

Differentiate both sides,
y1 = ae™® sin bx + e** b cos bx
=y,= ay + be** cos bx -------------- 2
Differentiate w.r.t X,
=y, = ay; tha e** cosbx + b e**b(- sin bx)
= y,=ay; + ab e cosbx - b%y
= y,=ayi+a(yi-ay) - b%y {from (2)}

= y,=ayi+ay; - a’y - b%y

—| y2-2ay1+ (az + bz)y =0 (proved)

Example -7
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2. m?y=0 (2018-S)

— ,mcos lx 2 dz_y_
Ify=e then show that (1-x )dx2 X~

Ans. y=gmcos x

4y _  mcos™lx (_TM y_ __MY
= dx € (\/1—x2) V1—x2
A A Ay — (1)

dx

Differentiate w.r.t X

1(-2x) d d? d
5120 dy T 28 - Y

2\/1—xza dx? dx
Wy (1_x2)°iz_y
dx dx? — -m ay
Vi-x2 dx
d d? d
> xZ+(1-x2)Z=mZV1—x2
dx dx? dx

> (1-x) 22 x D =m (my) = m?yffrom (1)}

=>(1—x2)dz—y- x d—z-m2y=0

Example — 8

If y = ax sin X, then x2y, — 2xy, + (x2+2)y =0 (2016-S)
ANns. y=axsin X -----------m-mmoeee- D

Differentiate w.r.t x,

= y; = a[l. sin X +x. cos X]

= y; = a (Sin X +X €oS X) (2

Differentiate w.r.t x,

= y,=a(cosx+ 1. Cosx—X.sinx)

= Y, =2a C0S X — aX SiN X ------=--=-mnmmmmmmme 3)

Now L.H.S=x2%y, - 2xy; + (x2+2)y { applying equation (1),(2) and(3) }
=2 ax? cos x - ax3sin x — 2ax sin x — 2 a x2 cos x + ax3sin x + 2ax sin x
=0=R.H.S (Proved)

Exercise
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Question with short answers (2marks)
1) Find y, for following
(i) y=x2++x (i) y = e*sinx
Question with long answers (5 marks)
2)Ifx=2cost—cos 2t,y=2sint—sin 2t then find y”.

3) Find y, y =tan x + sec x

4) Ify = sin"! x , then show that (1-x2) y, - xy; =0
5) If y = A cos nx + B sin nx then show that % +n%2y=0

6) If y = log (x+ V1 + x2) , Prove that (1 +x2 )y, + xy; =0
Question with long answers (10 marks)

7) If y = sin (m sin~! x) prove that (1-x?) y, - xy; + m?y =0

8)If y = e™sin"" * prove that (1-x2) y, - X y» = m2y (2017-W, 2017-S)
Ans.

D () 22—

3 COosXx
) T )

) 3t ;
851n5(:0527 (1-sinx)?

(i) 2 e* cos x

Partial Differentiation

[2017-w]
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The functions studied so far are of a single independent variable. There are functions
which depends on two or more variables. Example, the pressure(P) of a given mass of gas is
dependent on its volume(v) and temperature (T).

Functions of two variable

A function f : X x Y to Z is a function of two variables if there exist a unique element
z = f(x,y) in Z corresponding to every pair (X,y) in X X Y.

Domain of fisX x Y .
f(XxY) istherangeoff. {f(XxY) CZ}
Notation : - z =f(X,y) means z is a function of two variables x and y.
Limit of a function of two variable

A function f(x,y) tends to limit | as (x,y) = (a,b), .If given e > 0, there exist §> 0 such
that |f(x,y)-l | <e whenever o < |(x,y) — (a,b)| <5 .

Continuity
A function f(x,y) is said to be continuous at a point (a,b) if
0] f(a,b) is defined
(i) limy )5 ap) f (X, ) EXiSts.

(iii) lim(x,y)—>(a,b) f(x: Y) = f(a' b)

Finding limits and testing continuity of functions of two variable is beyond our
syllabus so we have to skip these topics here.

Partial derivatives

Let z = f(x,y) be function of two variables.

If variable x undergoes a chance 6x, while y remains constant, then z undergoes a
changes written as 6z

Now, 6z = f(x+ 8x,y) — f(x,y)

If % exist as dx—> 0, then we write the partial derivative of z w.r.t x as

f(x+5x,y)—f(x,y)

of _0z _ ., _ s
fy = 24 = limg,_ e

ax  dx

Similarly partial derivative of zw.r.ty,
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fxy+0y)—f(x.y)

of _ 0z _ o _
97 f 5

3y oy v =2Zy=limsyo

aa_x , % symbols are used to notify the partial differentiation.

Note

As from above theory it is clear when partial differentiation w.r.t x is taken , then y is treated
as constant and vice — versa. (All the formulae and techniques used in derivative chapter
remain same here)

2"% Order Partial Differentiation

If we differentiate the Z—i , 2—; w.r.t x ory, then we set higher order partial derivatives as follows.

. 9z 2
1% Order Partial Derivatives= , 2 |
dx ' dy

2" Order Partial Derivatives

9%z Jd ,0z

ax? oz ) - P P

2 _ 9 (@2, =t
6y6x_6y ax’ YT WX

07 _ 0 oz
0x0y T ox ay

=2y =Ty

62_2—1(6_2)—2 =f
ayz_ay dy Ay T lyy

Note:f,, = f,, when partial derivatives are continuous .

Example -1

626_2

Find %’ 3y

(i) z = 2x%y + xy? + 5xy.

(i) z= tan-l(g) [2018-S]
(iii) z=eYtanx [2019-W]
(iv)  z=log (x% + y?) [2015-S]

() z= sin—l(g) [2014-S]
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( Here y is treated as constant)

+ 5x

{aa_x y?=0 Asy is constant}

(i) z= f(%) [2017-S]
(vii)  xY + y*
Ans.
(@) z =2x%y + xy? + 5xy
92 _ 9 ox2y) + L(xy2) + 2
e = 9 2X°Y) + -(xy%) + —(5xy)
oy 9.2 20 9
=2y 2(x2) + y2 = (x) + 5y = ()
=2y.2x +y%1+5y.1
= 4xy +y? + 5y.
97 _ 5,20 0y 9y
ay—2x 6y+x6y + 5x 3y
=2x% + x.2y + 5x=2x%+ 2xy
(i) z=tan"1(®)
y
6z __1_ 0 Gz oy X
sx 1+(§)2 ax \y y2y+2x2 Ty
= y2 = Y
y(x2+y?)  x2+y?
9z _ 1 3 x —_1 —X
a1+ oy G) £ G2)
- _—x_
T xZyy?
(iii) z=eYtanx
0z 3} ey
92 _ vy 9 =
ox € 6x(tan X) 1+x2
92 _ 3 tan x = e tanx
ay ox
(iv) z=log (x?+y?)
6_2 _ 1 i 2 2\ — 2x
ax  (x2+y?) 6x(x +y9) = x%+y?
9z _ 1 9, > 2y = _2Y
- wona™ TV T Ena
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v) z=sin1®
y
z__1 0 & 11 1
S5x 1_%63«7 y _\/yz—zx2 y_\/yz—x2
y y
0z 1 J x 1 -X
b=
y? y?
- X
R
- — Y
(vi) z =f()
0z _co Y\ O Yy _c¢ ¥y (=¥
-0 =0).3)
=V
T ox2 f (x)
0z _ ¢ 1Y [é] VN — « (Y 1
Q@)
=li 2
=211
vii) z=xY+ y*
Z—i =yxY 1 +y¥lny (yis aconstant here)
Z_; =xYInx+xy*1  (Asx s treated as constant)

Example-2 . Find fcand fy,

where f(x,y) = x3 + y3 + 3xy

Ans: - f,=3x2+3y ,f, = 3y?+ 3x

fu= =(f,) = 6x + 0 = 6x
0
f= (i) =0+3=3
Example — 3

If z=log (x* + y?) + tan_l(%)

0z 1 1
Ans. —=——-2x 3(
ox (x%+y?) 1+3’_2
X
2x x? y
T x2+y2 xz_,_yz('ﬁ)

0%z

6y2=0

9%z
— +
, prove that ——

_ 2x-y

x2+y2
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0z _ 1
dy  (x2%+y

1 1
2) Zy + 1+§_§ (;)

2y x?

= +
(x24y2)  (x2+y2) x

2y+x
T (x%+y?)
&_i dzy _ (x2+y?)(2—0)—(2x—y)(2x+0)
Now ax2  oax (6x) - (x2+y2)2

_2x%4+2y%—4x?+2xy _ 2y®-2x2+2xy
(x2+y?)? (x2+y?2)?

9%z _ K2 (ﬂ) — (x2+y?)(2+0)—-(2y+x) (0+2y)

dy? 9y ‘dy (x2+y2)?

_2x%+2y%—4y?-2xy _ 2x%-2y?*-2xy
(x2+y?2)? (x2+y2)?

Now 9%z + 0%z _ 2y*—2x*+2xy+2x*-2y®-2xy
dx2z  0y? (x2+y2)2

=—2 =0 (Proved)

- (x2+y2)2

Homogenous function and Euler’s theorem

Homogenous function

A function f (x,y) is said to be homogenous in x and y of degree n iff (tx, ty) = t"f(x,y)
where t is any constant.

Example — 4

Test whether the following functions are homogenous or not. If homogenous then find their
degree.

(i) 2xy? + 3x2y (ii) sin‘l(i)
(iif) 2227 (V) X2 + 2xy + 4
parey X xy + 4x

Ans.

0] Let f(x,y) = 2xy? + 3x2y
f(tx, ty) = 2(tx)(ty)? + 3 (tx)*(ty)
= 2txt?y? + 3 t2x%ty
= t3(2xy? + 3x2%y) = t3f(x,y)
Hence f(x,y) is a homogenous function of degree 3.




123

(i)  Let f(x,y)= sin-l(g)

— cin=1(Y = cin=1% = £0 i —1/%y — 40
f(tx, ty) = sin (ty) sin™" ~ t” sin (y) t°f(x, y)

Hence f(x, y) is a homogenous function of degree ‘0’.

3x%+2y?
@iy  f(x,y)= %
f(tx, ty) = 2H 2O _ EEHDD gy )

tx+ty t x+y
Hence f (X, y) is a homogenous function of degree 1.

(iv)  f(x,y)=x%+ 2xy +4x

f(tx, ty) = (tx)? + 2 (tX) (ty) + 4(tX)

=t (tx? + 2t Xy + 4X)
So here f (tx, ty) cannot be expressed as t"f (x,y)
Hence f(x,y) is not a homogenous function.

0] If each term in the expression of a function is of the same degree then the function

is homogenous.

(i) If z is a homogenous function of x and y of degree n , then Z—i and Z—; are also

homogenous of degree n-1.
(iii) If z = f(x, y) is a homogenous function of degree n , then we can write it as

z=x"® (%)
e.g. In example - 4(i) 2xy? + 3x?y is homogenous function of degree 3.
Now f(x,y) = 2xy? + 3x%y =x*(2()? + 3 () =x* @)
Similarly in Example - 4 (iii), f(x,y) is of degree 1.

3x2+42y? _ x? 3+2(§)2 _ 3+2(§)2 _ y
=L =D =x0 )

Now f(x,y)=

x+y X

Euler’s theorem

0z

If z is a homogenous function of degree n, then x—+y g—i =nz. [2014-S]

Proof: -

Since z is a homogenous function of degree n, so z can be written as

— (Y
zZ=x <D(x)
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92 _ 01 o2y + xn ' (2. 22
Now —==n x <I>(x) +x"P (x). ax(x)

- n-1 g ng' Xy (- 2L
=nx"T ) +x"O() (-3

=Nt - xRy @F(2) oo )
similarly, & = x"¢' %) 2 )
=x"'(%) () = AL D) oo (2)

Now x x Equation (1) + y X Equation (2)
6 6 — —_ ! —_ !
Sx oty =x Nt o) Aty A Y T )
- NG Yy _ +n—1 1Y n-1 1y
=nx"o®) - x"ly 'R + 1y ' ()

=n x"(.b(%) = nz (proved)

Example - 5

Verify Euler’s theorem for z = % [2014-S]
0z _ 0 o\ _ ¥

Ans. S Fn =
0z _0 yy_1
5 - ady (x) T x

Here z =f(x ,y) =2

X
F(tx, ty) = = =2 = f(x, y)

Hence f(x, y) is a homogenous function of degree 0.

Statement of Euler’s theorem is xg—i +y Z—JZ, =nz (here n=0)
-~ 92 0z _ —
—>xax+yay—0.Z—0

Now we have to verify it.

From above

1

-, 0z 9z _ y - Y.,Y_n-=
L.H.S—x£+y$ —X(-;)+y.;—-;+;—O—R.H.S

Hence Euler’s theorem is verified.
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Example — 6
Verify Euler’s theorem for z = x2y? + 4xy3 - 3x3y
Ans. Here z =f(x, y) = x2y? + 4xy3 - 3x3y
F (tx, ty) = t2x2t%y? + 4txt3y3 - 3t3x3y
= t*(x%y? + 4xy3 - 3x3y) = t*f(X, y)
Hence z is homogenous function of degree 4.

Here n = 4.So0, the statement of Euler’s theorem is

0z

0z
— 4 —
X yay 4z

Now we have to verify it

9z _ @
o =—(x%y? + 4xy® - 3x%y)
= 2xy? +4y3 -3 (3x?)y
= 2xy? + 4y3 - Ox2y —-omeoeeee- (1)
9z _ 9
oy = 2,V + Axy® - 3x%y)
= 2x2y + 12xy? - 3x3 -----mmeeeeee- (2)
=y 02 22
L.H.S =x >ty 3y
=X (2x y? + 4y3 - 9x%y) +y (2x%y + 12xy? - 3x3) {from (1) and (2)}
= 2x%y? + 4xy3 - 9 x3y + 2x%y? + 12xy3 - 3x3y
= 4x?%y? + 16xy3 - 12x3y
=4 (x2y? + 4xy3 - 3x3y) = 4z (verified)
Example -7
= cin=1(XY 9z L2 _ - - -
It 2= sin"}(Z%) show that x 5= +y 5 = tan z [2017-S, 2018-S, 2019-W]
Ans.

= X, =
Let z = sin 1(—y) =sin"lu
xX+y

X
Now u = =2~
x+y
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u=(x,ty) = 22 =S -

=tu
tx+ty t ‘x+y

Hence u is homogenous function of degree 1.

So by Euler’s theorem

Xa_u+ ou _

o ya—l.uzu ——————————— (1)

Asz=sin"lu

=>u=sinz
ou _ 9, . _ oz
0% = 5.(sinz)=cosz—- (2
ou _ 9, _ oz
And % = —(sin 7) = cos 2 5~ 3)

From (1), (2) and (3)
=>xc0322+ cosza—z—sinz
dx y dy -

o 0z + 0z _ sinz
Yo, =

=tan z (Proved)

dx cosz

Example — 8
Ifu= sin_l(g) + tan_l(g) show that x ’;—Z +y g—; =0
Ans.
Ifu= sin-l(g) +tan™!(2)
u (tx, ty) = sin‘l(i—;) + tan‘l(%)
= sin‘l(i) + tan‘l(i—/)

=u(x,y)

Hence u is a homogenous function of degree ‘0’

So by Euler’s theorem

6u+ ou _

Xa ya—O
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Example - 9

= pap—1HY oz | 0z _ .
If z=tan™"( prey ), show that x 5 Y 3y sin 2z [2017-w]

Ans. Letz=tan" !, whereu= (x il )

_t3x34e3y3 5 &8 +y _ .2
Now u (tx, ty) = o t ( ) t‘u
Hence u is a homogenous function of degree 2.

So by Euler’s theorem

6u

Now z = tan" 1 u

> u=tanz (2)
6u 9z
rel (tan z) = sec?z o~ wmeomenennees (3)
ou_29 - 2.9z
And 3y - ay(tan z) = sec z3, (4)

From (1), (2), (3) and (4)

=>x5+y5=2u
=xsec‘z—+ysec’z——=2tanz
:xj—i+y§—;= Sts:ZZ-ZtanZCosz
=2§(l)nzcos Zz=2sinzcosz
= sin 2 z (proved)
Example — 10

Ifzisa homogenous function of x and y of degree n and %

29%2 _
X = 2y +yaz n(n-1)z

6x6y
Proof
Given z is a homogenous function of degree n

So by Euler’s theorem

0z
’ ay

are continuous , then show that
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ox yay

Differentiating (1) w.r.t x,

0z 9%z 9%z 0z
St x— + =n—
1 ax x 0x2 y 0xdy n ax
9%z 9%z 0z
=>x — + = - —_— —————————e
x dx2 y dx0y (n 1) ax (2)

Differentiating (1) w.r.ty,

PRI
0yox " dy y ayz dy
0%z 9%z 0z
= +Vy—= -1)— -
7] [é] .
{As = | Z are continuous}
ox ~ dy
9%z _ 9%z

{:axay - dyodx }
Equ™(2) X x + Equ™(3) X y

2 2

ZaZ 0°z
>x“—+X

x 0x2 yaxay

s, 0%
0x0y dy?

+Xy

0z 0z
=x(n-1) 7> +y (n-1)~

62

2 2
2 0%z 0°z 20z _ 0z 0z
Sx2 ==+ +y2=2=(n- = +y—
ar 2xy oxdy Y dy? (-1){ Xax yay }

=(n-1) nz

=n(n-1)z (proved)
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Exercise

Question with short answers (2 marks)
. X 0z 0z

1) if z = sin 5 find Fw and %

2) If f(x,y) = yx2 + y2 , find f,, f,

3) If f(x,y) = log (x? + y?- 2xy) find fu , fyx, fxy

4) If z=f(xy) , then find 2, a—;

5) FindZ—i,g—;ifzzxey+yex

Questions with long answers (5 marks)

6) Given f(u,v) = M , find f, (2,1) and f,(2,1)

7) Ifz—u then showthatx—+ya =0

8) If z=x?%y + 3xy? - % . Find partial derivatives of 2™ order.
9) Verify Euler's theorem for u = x? log(%)

10) If z = xy f (f) , then showthatxZ—)Zc+ yZ—;z 2z

11) If u = sin )showthatx—+ya =~tanu

-1
(\/’ +Vy
12) Ifz-ln( )then showthatx—+y—=1
13)Ifz= cos_l(ﬂ) then show that x 2Z +y 2 = - cot z
x+y 7’ ox y ay

Answers

-2 2 2
(x=3)2 " (x=y)? * (x=y)?

1) cos() cos() Z)J;CJCTJ;;T 3)

6 -17
25’ 25

4)y f(xy) , xf(xy) 5)eY +ye*, xe¥ +e* 6)

8) Z =2y ZyX=2x+6y+y—12, ny=2x+6y+y—12  Zy=6X- .
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INTEGRATION

Introduction

Calculus deals with some important geometrical problem related to draw a
tangent of a curve and determine area of a region under a curve. In order to solve these
problems we use differentiation and integration respectively.

In the previous lesson, we have studied derivative of a function. After studying
differentiation it is natural to study the inverse process called integration.

Objectives

After completion of this topic you will able to
1. Explain integration as inverse process of differentiation.
2. State types of integration.
3. State integral of some standard functions like x™ , sinx, cosx,.... sin"1x ,...... a* etc.
4. State properties of integration.

5. Find integration of algebraic, trigonometric, inverse trigonometric functions using standard
integration formulae.

6. Evaluate different integrals by applying substitution method and integration by parts method.

Expected Background Knowledge

1. Trigonometry
2. Derivative

Integration (Primitive or Anti derivative)

Integration is the reverse process of differentiation.

If %ﬁf)z g(x), then the integration of g(x) w.r.t xis [ g(x)dx = f(x) + ¢
The Symbol [. is used to denote the operation of integration called as Integral sign.
The function (here g(x) ) is called the integrand.
‘dx’ denote that the Integration is to be performed w.rt x (x is the variable of
Integration).
‘c’ is the constant of Integration (which gives family of curves)
Integrate means to find the Integral of the function and the process is known as
Integration

L 20 N N
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Types of Integration

Integration are of two types:- i) Indefinite i) definite
The integration written in the form [ g(x)dx is called indefinite integral.
The integration written in the form f; g(x)dx is called definite integral.

In this chapter we only discuss the indefinite integrals. The definite integrals will be discussed in
the next chapter.

Algebra of Integrals

. JIf () £ g()]dx = [ f(x)dx + [ f(x)dx + [ g(x)dx

i. [Af(x)dx = 2 [ f(x)dx for any constant A.

ii. (A JFCOdx) = A5 (JF@dx) = M

Simple Integration Formula of some standard functions

i) [kdx =kx+c
i) fx”dxz’;n—:+c, n#-1
iii)fidx =In|x| + ¢

. a*

v) [a¥dx =—+c

V) [e*dx= e*+c

Vi) [sinxdx = —cosx +¢
vii) [ cosxdx = sinx +c¢
viii) [ sec?xdx = tanx + ¢
iX) [ cosec?xdx = —cotx + ¢

X) [ secxtanxdx = secx + ¢

Xi) [ cosecx cotxdx = —cosecx + ¢
Xii) [ ———=dx = sin"lx +c
V1-x2

xXiii) f\/%dx =cos 'x+c
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-1
1+x2

Xiv) f1+1x2 dx =tan 'x +¢ xv) [

dx = cot™ 'x + ¢

_ 1 _ y -1 _
XVI)fx— ==dx = sec Ix+¢ XVll)fﬁdx = cosec lx +c

Methods of integration

1. Integration by using standard formula.
2. Integration by substitution.
3. Integration by parts.

1. INTEGRATION BY USING FORMULAS:-

Example -1 Evaluate the following

: 3 5 _ 1.5
() J(5x3 + 2x Tx+ =+ ) dx

. 3 5_ 1.5
Ans :-[(5x3 + 2x Tx+ =+ dx

5[ x3dx +2 [ xSdx — 7 [ xdx + [x /2 dx+5f'i—x{ by algebra of integration}

-1
x3+1 x5+1 X1+l 5 tl
= b5x 2 X —-7X S5In|x| +c
3+1 + 5+1 1+1 + Y + x| +

x4 x© x2 xl/z
5x7+2><?—7><7+ —+5Injx[ + ¢
2

= 5Tx4+%6—77x2+2x1/2+51nx+c
= 5%4+%6—%2+2\/§+51nx+c
(ii) f(3x4—5x3;-34x2—x+2) do
Ans - f(3x4—5x3;-34x2—x+2) do

3x* 5x3 4x?2 2
= fx%dx—f%dx+fx—x3dx—f%dx+fgdx

=3fxdx—5fdx+4f%—fx‘zdx+2fx‘3dxdx

1+1 x—2+1 2x—3+1

= 3X5— — 5x + 4lnx —
1+1 —2+1 —3+1

+c

2
= 3xE —Sx+4lnx+-——+c
2 x  x?

2
= 3i—5x+41nx+l—%+c
2 X X
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(i)  [(4cosx— \/_)dx

Ans :- [(4cosx —

4fcosxdx—3[e

4sinx — 3e* +2sin"lx + ¢

(iv)  [6x3(x+5)%dx
Ans :- [ 6x3 (x + 5)%dx

= [ 6x3(x% + 10x + 25)dx

[(6x° + 60x* + 150x3)dx

6 [x>dx + 60 [x*dx + 150 [ x3dx

6 5 4
6x%+60><%+150 er+c

x6 + 12x5 +775x4’ +c

(V) [ 5tan®xdx

[ 5tan?xdx = [5(sec?x —1)dx

5[ sec?xdx —5 [1.dx

Btanx —5x + ¢

(vi) fsinzgdx
Ans :- [sin?Zdx
2

= f(l_czﬂ)daﬁ %[f dx — [cosxdx] {1-cosx=2 sinzg}

N | =

[x — sinx]+ C

i)  [2EE gx

1+sinx

sinx
Ans :- [———dx
1+sinx

_f (1-sinx)sinx f(l sinx)sinx
(1+sinx)(1-sinx) 1-sin2x
. . .
sinx—sin“x sinx
= fEETY ax X tan?
cos?x cos? x
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= [ L gy — [(sec?x — 1)dx

COoSX Ccosx

= | tanx.secxdx — | secxdx + | dx
d Zxd d

= secx—tanx+x +c¢
1
(V”I) fsinzx.coszx

1
sin2x.cos?x

Ans :- |
_ f sin?x+cos?x
sin?x .cos?x

_ f sin?x f cos?x

sin2xcos?x sin2xcos?x

= [ sec? xdx + [ cosec?xdx

= tanx — cotx + ¢

. -1 1—cos 2x.
(IX) ftan { 1+cos Zx}dx

Ans :- [tan™1{ %}dx (+ 1 —cos2x = 2sin®x and 1+ cox2x = 2cos?x)

2

Jtan™{ |3

in2
T dx = [tan~! (Vtan2x)dx
cos?x

[ tan™! (tanx)dx (~tan~1(tanx) = x)
=[ xdx = x; +c

(X) f secx

secx+tanx

secx
Ans:-  [——
secx+tanx

secx(secx—tanx Seczx—secxtanx
= ( ) = [————dx {sec?x — tan’x=1}

(secx+tanx)(secx—tanx) sec?x— tan?x

= [sec?x dx — [ secx tanx dx =tanx — secx + C
(xi)  [a¥e*dx
. X, X — x x _ a_x e i
Ans:- [a*e*dx = [(ae)*dx {we know [ a*dx = — here ae is in place of a}

_ (ae)* teo= a*e*
- In(ae) - In(ae)

+ ¢ (Ans)
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(xii) [ V1 + cos2x dx (2017-S, 2018-S)
Ans: - [V1+ cos2x dx = [V2cos?x dx
= [V2cosxdx

=+/2 sinx + ¢

2. INTEGRATION BY SUBSTITUTION:-

When the integral [ f(x)dx cannot be determined by the standard formulae then we may
reduce it to another form by changing the independent variable ‘X’ by another variable t (as
x=ad(t)) which can be integrated easily. This is called substitution method.

[fedx = [fe)Sdt = [fld®Id'()dt,  where x=db(b).

The substitution x=¢(t) depends upon the nature of the given integral and has to be properly
chosen so that integration is easier after substitution. The following types of substitution are very
often used in Integrations.

TYPE — |
[ f(ax + b)dx
Putax+b =t

adx = dt

=> dx=>dt
a

s [ flax +bydx = [ f(t)zdt = = [ f(t)dt
TYPE -1l
AL f(x™m)dx
Putx™ =t
nx"ldx = dt

_ dt
=>x"ldx = —

[xm L Mdx = [0S =~ [ f©)dt
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TYPE - IlI
JUFE3™ f' () dx
Put f(x)=t

Differentiate both sites w.r.t x,

fe =g
= [{fCOY.f'(dx = [thdt =S+ ¢

n+1
= B c (ce=f00)

TYPE-IV

(%)
[ e
Put f(x)=t

=>f1(x)dx = dt

1
j;((xX)) dx = j% =Inlt| +c=In|f(x)|+c(~ f(x)=1t)
SOME USE FULL RESULTS
J.a:ib

Ans ;- Putax+b=t

Differentiate both sites w.r.t X,

_dt

a=
dx

dt
= dx==
a

t a) t

f dx _fdt/a_l dt 1

1
= — = —In|t] =—In|ax + b| + c.
ax+b a a

) x =lln|ax +bl+c
ax+b a
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2. [ cotxdx
Ans:-[ cotxdx

coSXx
sinx

Put sinx=t
Differentiate both sites w.r.t x,

dt
cosx =—
dx

=>dt = cosxdx

d dat [
. fco.?x x _ — = In|t| = In|sinx| + ¢
sinx t

[cotxdx = In|sinx| + ¢

3. [tanxdx

Ans :-[ tanxdx

[ eextanx 4 (multiply & divide by sec x)

secx

Put secx =t

Differentiate both sites w.r.t x.
dt

sec xtan x = —
dx

=>secx tanx dx = dt

a
[EERX gy = (L= n|t| = In|secx| + ¢
secx t

Jtanxdx = In|secx| + ¢

4. [ cosecxdx

Ans :-[ cosecxdx

fidx

sinx

f;dx

X X
2sin=cos=
2 2
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Divide numerator & denominator by cos? x/z

1
2X sec?X
f cos?*/, dx - thanx//z
2

2sinZcoss
2 2
cos? X/,

Let tang =t
_ 2X 1 _
=>sec /2 X de =dt

=>sec? x/z dx = 2dt

sec?X
= —42 dx
2tan=
2
2dt dt
— = |—=In|t|+¢
2t f t Il +
X
=In |tan 5| +c
X
cosecxdx = In |tan§| +c
sinf  2sin¥sin®  2sin?22
X > > >3 5 —COSX
Now tan- = —% = —%—% = ——2% = ——= = COSecX — Cotx
2 cosy Zsm5 cos; sinx sinx

Hence [ cosecxdx=In | cosecx-cotx | +c

5. [secxdx
Ans:-[ secxdx

= fcosec(§+ x)dx  (~ cosec (”/2 +x) = secx)

In |tan(§+ JZ—C)| + ¢ (~ [cosecxdx =In |tan§| +¢)

T X
Jsecxdx = In |[tan (Z + E)]l +c

As tan(f + g) = secx+ tanx ( we can easily verify it by applying trigonometric formulae.

Hence [ secxdx =In|secx+tanx|+c
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BY APPLYING ABOVE FORMULA WE OBTAIN FOLLOWING

1.

1
f cos(ax + b)dx = asin(ax +b)+c

Proof : -f cos(ax + b)dx
Put ax+b=6

Differentiate both sites w.r.t x.

)
dx

=> adx =d9=>dx=%

~ [ cos(ax + b)dx = [ cosb x %
1 1 .

== cosfdf = = sinf + ¢
a a

= %sin(ax +b)+c

Similarly we can get the following results.

1
2. [ sin(ax + b) dx = —Ecos(ax +b)+c

1
3. jsecz(ax + b)dx = Etan(ax +b)+c

1
4. J cosec?(ax + b)dx = — Ecot(ax +b)

1
3. [ sec(ax + b) tan(ax + b) dx = Esec(ax +b)+c

-1
6. j cosec(ax + b)cot(ax + b)dx = — cosec (ax +b) +c

7. feax+bdx — leax+b +c
a
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8. fﬁ = %sin‘l(ax+b)+c =—§cos‘1(ax+b)+c
9 f dx -1 Ylax+b)+c= ! t~'(ax + b) +
- 1+(ax+b)2_aan ax ¢ =——cot™ (ax c
f +bydsn # —1 = LD

10. (ax +b)*dx,n R E———] ¢

11. dx _ 11 _ 1 1
f(ax+b)¢(ax+b)2—1 _sec (ax +b) + ¢ _cosec (ax+b) +c

12 fametbay =180, ¢

’ m Ina

The above results of substitution may be used directly to solve different integration problem.

Example — 2 integrate the following

(i)

[ xsinx?*dx

— a _ —
= =>2xdx = dt}

Ans Z-f xsinx2dx { Letx? = t then 2x

. d . - -
=/ smt;t%fsmtdt =71 cost + ¢ 71cosx2 + ¢ (ans)

(i)  [(x—2)J(x% —4x + 7)dx

Ans :- [(x —2)/(x%2 — 4x + 7)dx

Let x%2—4x+4+7=1¢t>

Differentiate both sides w.r.t x

dt
2x —4 = Zta
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=> (2x — 4)dx = 2tdt

=> 2(x — 2)dx = 2tdt

=> (x — 2)dx = tdt

Now [(x—2)VxZ—4x+7dx= [VtZtdt

=[txtdt= [tidt= t3—3+c

(3«72—4x+7)3/2
=

+c ( t=VxZ—4x+7 = (x*—4x+ 7)1/2).
(i) [ (3x+5)7dx

Ans: [ (3x +5)7dx

Put 3x+5 =t

Differentiate w.r.t x

dt 1

3=— =>3dx=dt=>dx==dt
dx 3
7 4 10,7 ;.1 t8
s [@x+5)dx=  S[tTdt=_x—+c
8 8
— 1 % (3x+5) +c= (3x+5) +c
8 24
. xt+ax3
(iv) fx5+5x4+7
. x*+4x3
Ans - fx5+5x4+7

Put x®+5x*+7=t

Differentiate w.r.t x

Sxt +20x3 = &
dx

= (5x* + 20x3)dx = dt

=  5(x*+4x3)dx=dt

d
=> (x* + 4x3)dx = ?t
x*+4x3 _1lcdt 1
fx5+5x4+7 5 T 51n|t|+c

= %ln|x5 +5x* +7|+¢
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(v) [ sin”x cosx dx
Ans :- [sin”x cosx dx
Put sinx = 6

Differentiating both sides w.r.t x

cosx = 46
T dx

=> cosxdx = do
8
& [sin’xcosxdx = [67d6 = % +c

in8
sin"x
= +c
8

. 2
(vi) [ 2e'"* tanx sec’x dx
Ans - [ 2et°X tanx sec?x dx
Put  tan’x = 6

Differentiating both sides w.r.t x,

e
2 tanx.sec’x = —
dx
=> 2 tanx sec’xdx = df

. [2e' % tanx sec’x dx = [e?df =e® + ¢

= etan’x 4 .
" 3(Inx)?
(vii) f—x dx
2
Ans :- f@dx
Put Inx=t=>i=%_>¥_g
x dx x

3(lTLX)2 _ 2 _ i _ 3
- [Edx=3[tPdt =3%x S +c=(nx)’ +c

viii) Evaluate [ &2 dx (2017-S)
Ans:-[ ::Z:dx (Lett=e*+e™ =>dt=(e* —e)dx
dt

=JT =In|t| +c =Infe*+e*| +c




143

ix) Integrate [ ﬁdx (2015-S)

Ans:-f——dx  (Let2-5x=t =>-5dx=dt =>dx=-%)

=—<fzdt= —ZInt +c = —ZIn(2—5x) +c.
X) Evaluate [e*sine*dx (2019-W)
Ans:-[ e*sin e*dx (Pute* =t =>e*dx=dt )
= [ sintdt = —cost + ¢ = —cose* + ¢

INTEGRATION OF SOME TRIGONOMETRIC FUNCTIONS

If the integrand is of the form sinmx cosnx ,sinmx sinnx or cosmx cosnx,a trigonometric
transformation will help to reduce.it to the sum of sines or cosines of multiple angles which can
be easily integrated.

1

sinmxcosnx = 7 X 2sinmx cosnx

N |-

[sin(m + n) x + sin(m — n)x]
sinmx sinnx= % [cos(m —n) x — cos(m + n)x]
COSMX COSNX= %[cos(m —n)x + cos(m + n)x|
Example — 3

i)Evaluate [ sin3x cos2x dx

Ans :- [ sin3x cos2x dx
=§f sin(3x + 2x) + sin(3x — 2x) dx
= %f(sinSx + sinx)dx
1, . 1, .
= > J sinSxdx + = [ sinxdx
1, —cos5x

1
= S X ——— 5 (=cosx) +c

-1 1
= —cos5x —=cosx + ¢
10 2

= I—; (cos5x — 5cosx) + ¢
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ii)Evaluate [ sin2x sinx dx

Ans :- [ sin2x sinx dx
= %f cos(2x — x) — cos(2x + x)dx
= %f(cosx — cos3x)dx

= %f cosxdx — %f cos3xdx

sin3x
3

= e sine— L
= > X sinx > X +c
1 . 1 . 1 . .
= ~sinx — gsm3x +te= - (3sinx — sin3x) + ¢
iii)Evaluate [ cos4x cos3x dx
Ans :- [ cos4x cos3x dx
=%f(cos(4x — 3x) + cos(4x + 3x)dx )
= %f(cosx + cos7x)dx
1 1
= ~J cosxdx + - [ cos7x

sin7x
7

1 . 1
= =-sinx + - X +c
2 2
= l5'nx+is'n7x+c
- 25t 125t
1 . .
= ” (sin7x + 7sinx) + ¢
iv)Evaluate [ sin®xdx
Ans :- [ sin®xdx
1—cos2x

= f (—1—c;)st) dx (wsin?x =

= %f(l — cos2x)dx

= %f dx — %fcostdx

_ 1 1 sin2x

= -Xx—-X +c
2 2 2
x  sin2x

— x _1 er
= 5 ” +c—4(2x sin2x) + ¢
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v)Evaluate [ cos3x dx
= [ cos3x dx

— f(cos3x1-3cosx) dx

cos3x+3cosx)

(- cos3x = 4cos3x — 3cosx => 4cos3x = cos3x + 3cosx=>cos3x = .

= %f(cosBx + 3cosx)dx

= 2 [ cos3xdx + 3 [ cosxdx
4 4

1 sin3x 3 .
= - X =X
2 3 + 2 sinx + ¢

sin3x 3sinx
= + +c
12 4

= % (sin3x + 9sinx) + ¢

vi)Evaluate [ cos®xdx
Ans :- [ cos®xdx

= [ cos*x. cosxdx=[(cos?x)?cosxdx

(1 = sin?x)?cosxdx
{Put sinx=6 => COSX:% =>df = cosxdx}
= [(1-6%)2do = [(1—262+6%)d6
=[d6—2[0%d0 + [6*ds
3 5
= g-2xZ+% ¢
3 5
_ . 2 .3 1 . 5
= Sinx —osinvx +Esm x+c
vii)Evaluate [ sin*x cos3x dx
Ans :- [ sin*x cos3x dx

= [ sin*x cos®x cosx dx

[ sin*x (1 — sin®x)cosxdx

{ Put sinx =6 => cosx = % =>d6f = cosxdx}
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=[6*(1 - 62)db

=[(6* - 6%)d6 = [0*d6 — [ 6°d6

65 o7
= ——Z+¢
5 7
1, 1,
= Esmsx—;sm7x+c

cos3x
viii)Evaluate [ ———=dx
sin*x
ANS :- fcos3x
) sin*x
_ cos?x
= [ —=.cosx dx
sintx
_ (1-sin?x)
= J—=—cosxdx
sin*x

Put sinx = 6 =>cosxdx = df

- f1—62 do = f(9_4 _9—2) de

94-
_ 9-3 g1
= = t¢
1 1 1 1
-§+§+C_sinx_35in3x

1
= cosecx — ECOS€C3X +c

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

TRIGONOMETRIC INDENTITIES
1-sin?6 =cos?0(or 1 — cos?6 = sin?0)
tan’0 + 1 = sec?6 (also cot?0 + 1 = cosec?0)
sec? — 1 = tan®0 (also cosec? — 1 = cot?0)

= the integrand of the formva? — x?,y/x? + a?,Vx? — a? can be simplified by putting

X=asinod
X=a tané
X=a secH
X=a cos#
X=a cotd
X=a cosec 4
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Note
1.The integrand of the form a?- x* can be simplify by putting x= a sin 8 (or x = a cos 6)
2. The integrand of the form x*+a’ can be simplify by putting x= a tan 6 (or x = a cot 6)

3.The integrand of the form x? - a? can be simplify by putting x= a se 6 (or x = a cosec )

Example -4
. dx
I) Integrate fﬁ
a“—x
S
Ans : IW
Let x=a sin 6

Differentiate both sites w.r.t x

dx=acos6d8
And x=asin§=>6 = sin™'=
dx acos@df _ [acosO _ _ — wig—1%
Hence fm— \/ == [ df = Jdo=0+c=sin"'>+c

=2 _—sin1Ei4c
Vaz—x2 a

ii)Integrate f%

X dx

Ans - [——
Letx = atanf
diffentiating both sides w.r.t x,
dx = asec’0d6

And x = tan6 => 6= tan™" —
dx _ [ asec?8deé
Hence [0 =) s
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_f asec?6d6
a?(tan?6+1)

_ f sec?6 do

a sec?6

=2(do =20 +c=Ztan1E+c
a a a a

dx 1 1 X
ﬁz—tan —+c
X<+ a a a

i)  Integrate f%

X dx
Ans - [ o
Let x = atanf
Diffentiating w.r.t x we have,

dx = asec?6do

asec6

asec?6d6 _f asec?6d6 faseczede
Ja?(tan26+1)

dx
Hence f¢x2+az = f\/

a2tan?9+q?

= [ sec6d6

In|secd + tanf| + ¢ (~[ secxdx = In|secx + tanx| + c)

x2+a?
az)

2
(x = atand => tanf :5 => sec?0 = tan’6 + 1 = z—z +1 =>sech =

x2+a?
a?

In| +3+c
a

x+Vx2+a?

= In | "

|+c

= ln|x+\/x2+a2|—ln|a|+c

= In|x + Vx> +a?|+k  (~wherek = c- In|a] is a constant)

f\/%=ln|x+vx2+a2|+k
X a
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iv)Integrate [ \/%

. dx
AN i [ e
Let x =asecd => dx = asecOtanfdb

asecOtan6do

dx
Now — = T
f\/xz—az f\/azsecze—az

_ f asecOtan0do

Ja?(sec26-1)

_ f asecOtand

do = [sect do

atan6

In|secO + tanb| + ¢

2
xy /x_z-llﬂ
a a

{As x =asecd =>secd = ¥/, =>tanf = Vsec?0 — 1= /(g)z -1}

In

x2—-q2
a2

In +c¢c= In

+c

x+Vx2-a?
a

=+
a

In|x + Vx2 —a?| —In|a| + ¢

In|x +Vx2—a?|+k (v k =c— In|a|] = constant)

Hence

dx
I—W = In|x + Vx2 —a?| + k

v)Integrate [ x\/% (2016-S)

Let x = asecf =>dx = asecftanf dO and 0 = sec‘lg

Now f dx _ f a secOtan6do
xVx2-a? asecOVa?sec?0-a?
_f asecOtanf do _ f asecOtanf do
asecO+a?(sec?260-1) asec6vVa?tan?6
_f asecOtanf _f asecOtanf
a?secOtan6

asecl atanf
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. dx
vi)integrate [ ——
i dx
Ans - [——

Let x = asec =>dx = asecl tanb db

dx asecOtanfdo
Now f 2_g2 f a?sec26—a?
_ f a secO tan6 do
a?(sec26-1)
_ fsecetanede
- atan26
1 (%] 1 .
— 1 rsec —- [ cos
a ftane dae a f sinf ae
cosf
1 1
~a’ sing do
1
== [ cosect df
1
= alnlcosec@ —cotf|+c
x a , a x%2-a?
{Asx = asectd =>secd = ~ =>cos = — => sinf = V1 —cos?0 = /1 - (;)2 = ’x—z
, Vx2-qa? x cosf a
=> = = = = =
sinf " > cosect Nrsam and cotf prs m}
1 X a
= =In —
M el T
1 X—a
= el e
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1 X a

Vvx+avx—a

= 2In |wr|+

1 —a 1
= —In| % 2+ ¢ (vlog, m™ = nlog, m)

= 2l 5S +c

x+a

Ans :- [

aZ—x2

Letx = asinf => dx = a cos6do

dx a cos6 dé
Now f 2_ 42 = faz—azsinze
f a cosf do _ f cos6do
az(1-sin20) acos20
1 1 1
= =f—df = -=[sec6dd
a* cos6 a

2 Va2 —«2
{As x = asinf => 5in0=§ => cosf = V1 —sin?0 = /1—%= e

a
=> sec) = — = =2 => tang = 2% = }
- T cos®  VaZ-xZz cos6 \/az—x

= %ln |secO + tanf| + ¢

:_]l +

x
+c
\/az—x va?—x? |

1 a+x
;lnuﬁl”

_ | a+x |
a Va+x\a—x
i] a+x| +c
a
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_ 1 a+x X .. n _
= alnla_x|2+c ( logm™ = nlogm)
= —mn|&E +¢
2a a—x
f dx 1l a+x|+
——=—1In c
a?—x2 2a la—x

These 7 results deduced in Example-4 are sometimes used to find the integration of some other
functions. Some examples are given below.

- __ax
Example-5 :-Integrate fm
. dx dx _ dx _1 dx
Ans - [ ==  (As[=—== f\/m(é—xz) = 4f—,—(i)2_x2)
16 4
_ 1 dx
4 (E)z_xz
_ 1 . _1x . dx . _q1X _
= ssinT'z+c  (using formulafm = sin"'=+c,herea=5/4)
4
= Zsint 4 ¢
4 5
Example - 6: - Integrate [ — = 9dx

Ans :- fidx

e?¥+9

_ L
f ex)2+32 dx { Let e =t =>e¥dx = dt}
t
NOW f x)2+32 = ft2+32 - _tan 1_ + c
dx 1 _ _
{as [, 5= ctan™*—+c, here a= 3}
= %tan_l + c
Example — 7:- Integrate [ ax
P ' 9 xVx8—4
_o[_9x o _ ,
ANS . f,ﬁ/—xs_4 ( multiplying numerator and denominator by 4x° )
— 1 453 d
- 47 x4\x8-4 x
1 4x3 4 5 _ dt
7 xt g 0X xt=t 4xC =)
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_ lf ax3dx

47 x4 /(x*)?%-4
=12t _ Ly lgeetl - X _1lgpem1X =
= 4ftm_ ZX5sec o+ ( usmgformulafxm —sec™" -, herea=2)

1 -1 x4
5 Sec (2)+c

Example -8 ; -
Integrate [ \/%dx
Ans : fmd
= |
= f\/% {Let x+3=t =>dx=dt}

f\[ﬁdt

dt
f\/t2—16 +2 f\/t2—16

dz

. dz
Il:f\/ﬁ:fﬁ (puttlng t2—16=Z=> 2tdt=dz =>tdt=7)

1
=%.2.Z5+C1:\/E+ Cq1 =Vt2—16+ Cq1
= ST H3)Z =16+ Cporrorrrrrrrrrrnenn @)

dt : d
= 2] ( applying formula f\/ﬁ = In|x + Vx% — a?| + k , where a=4)

=2In|t +Vt? - 16| +c,
=2In|(x+3)+J(x+3)2=16|+C3 cevvireeriaenns 3
From (1),(2) and (3) we have,

fmdx— L+,

= J(x+3)2—-16+c;+2In|x+3+/(x +3)2—16|+c,
= Vx?2+6x—7+ 2In|x+3+Vx2+6x—7|+c (wherec; +c, =cisaconstant)




154

Example-9 : -Integrate f\/_\/_ (2016-S)

i _ _ 1 _ . ax _

Ans: - f\/—\/ﬁ (put\/}—t—>mdx—dt => == 2dt)
—f\/tz_ = 2In(t+Vt2 —a?) +c (Applylngf\/_ = In|Jx +Vx%2 —a?| + k)
=2In(Vx +Vx —a?) +¢

Example-10: - Evaluate [~ 2+x -

Ans:- f2x2+x 1 f2( 242 _fx2+ 2.x. +( D2
1 dx
= o )2 Rl 2l [Gal +€)
N e A
—EE ln|(x+1)+%|+c—§ln|ﬁ|+c
4x-2 2x-1
|4+4|+C——ln|2+2|+c

3.INTEGRATION BY PARTS:-

If v& w are two differentiation function of x,then

dv

—(vw) = v—+ o
dw d dv
Or v;— E(UW)—WE

Integrating both sites,
aw o — (L _(w®
Jv—dx= [—(ww)dx— [w_dx
_ dv
= wv-f w— dx
Letu=2Y thenw = [ udx
dx
Then the above result canbe written as [uv dx = ([ udx) v- [([ udx) x %)dx.

This rule is called integration by parts and is used to integrate the product of two
functions
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Integration of the product of two functions

= (integral of first function)x second function — integral of (integral of first X derivative of second)

Int.of product =(int.first)xsecond — [ (int. first)(der. second)dx.)

= Before applying integration by parts we have follow some important things which are
listed below.
1. In above formula there are two functions one is u and other one is v. The function ‘U’ is
called the 1% function where as ‘v’ is called as the 2™ function.

2. The choice of 1* function is made basing on the order ETALI . The meaning of these
letters is given below.

E — Exponential function

T — Trigonometric function

A — Algebraic function

L — Logarithmic function

| —inverse trigonometric function

The following table-1 gives a proper choice of 1% and 2™ function in certain cases. Here
meN, n may be zero or any positive integer.

Table-1
Function to be integrated first function second function
x"e* e* x™
x"sinx sinx x™
x"cosx cosx xm
x"(Inx)™ x™ (Inx)™
x™sin~!x x" sin~!x
x"cos™lx x™ cos™1x
x"tan"tx x™ tan™lx
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Example — 11
Integrate [ x cosx dx

Ans :- [ x cosx dx { from table-1, 1% function = cosx and 2" function = x }

{f(cosx dx)}x — [(f cosx dx) x Z—i dx

xsinx — [ sinx.1.dx
= xsinx + cosx + ¢

Example — 12
Integrate [ x2e*dx

Ans:-[ x?e*dx {1%function = e* and 2" function = x? }
=(f e*dx).x?* — f(fexdx);—x(xz)dx

=x%e* — [ e* X 2xdx

x2e* — 2 [ xe*dx { again by parts is applied taking e* as 1% and x as 2" function.}

x%e* = 2[(f e*dx).x — [([ e*dx).1.dx]
=x%e¥ —2xe*+2e*+c= (x? —2x+2)e¥+c

Example =13

Integrate [ tan~! xdx

Ans - [tan™!xdx

{ There is no direct formula for tan™! x and two functions are not multiplied with each other in
this integral. This type of integration can be solved by using integration by parts by writing
tan~!x as 1. tan~! x where ‘1’ represent an algebraic function. }

=[1.tan"txdx =(f1dx).tan " x — [([ 1.dx).%(tan_1x)dx

dx

_ -1
= xtan " x — | x.
f 1+x2

{ Letl1+x?=t => 2xdx =dt

! — Llpat_ 1 -1 2
Nowfx.mdx— sJ7=5mnt+c=In(1+x%) +c}

= xtan lx —%ln(l +x®)+c
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Example -14
Integrate [ Inx dx (2016-S)

Ans : - [Inxdx

= [1.lnx dx (Taking 1 as 1* function and Inx as 2" function)

= (f L.dx) Inx — [(J 1.dx) = (Inx) dx
_ 1 — _
=xlnx — [x.- dx = xlnx — [ dx
=xlnx—x+c = x(lnx—1)+c
Example-15:-
Integrate [(Inx)%dx
Ans :- [(lnx)?dx
=1 x (Inx)?dx
=(f 1.dx).(Inx)* - [(J 1.dx)%(lnx)2dx

2Ilnx

=x(Inx)? — fx.de.
=x(Inx)? = 2 [ 1 X Inxdx
=x(Inx)? — 2[x. Inx — fxi dx]
=x(lnx)? — 2xlnx + 2 [ dx
= x(Inx)? = 2xIlnx + 2x + ¢
=x[(Inx)? — 2(Inx) + 2] + ¢
Example — 16 :-
Evaluate [ xtan™xdx  (2017-W, 2017-S)

Ans:-[ xtan™1x dx

= ([ xdx)tan 'x — [([ x dx)% (tan™1x) dx

2 2
X - X 1
==tan"lx — [=
2 2 1422
2 2
X2, 1 x%41-1
= —tan"lx—= dx
2 2) "1
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1
1+x2)

x? _ 1
=—tan"'x ——f(1- dx

2
x _ 1 _
= S tan Ix — 5 (x — tan ) +c

2 1
= 2+1) tan~1x — SX+c

Note: - When the Integrand is of the form e*{ f(x) + f'(x)}, the integral is e* f (x),which can be
verified by using integration by parts as given below.

[e*f(x)dx = e¥f(x) — [(J e*dx)=f(x)dx (choosing e* as 1st function and f(x) as 2nd )
= eXf(x) — [e*f'(x)dx + ¢

=>[ eXf(x)dx + [ e*f'(x)dx = e*f(x) + ¢

Hence [ e*{f(x) + f'(x)dx}dx = e*f(x) + ¢

Example-17: -

Integrate | ex_x (1 + xlnx)dx (2017-S)
Ans:- f%(l + xlnx)dx = fex—xdx + [ e*(Inx)dx
= fex—xdx + [ e*(Inx)dx ( Keeping 1% integral fixed we only simplify the 2" one.)

=f§dx + (J e¥dx)(Inx) — [([ e*dx) %(lnx)dx
(taking e* as 1st and Inx as 2nd function.)
_re* eX
=[—dx+ e¥lnx - [—dx+c
=e*lnx +c.

In some cases, integrating by parts we get a multiple of the original integral on the right hand
side, which can be transferred and added to the given integral on the left hand side . After that
we can evaluate these integrals. Some examples of such integrals are given below.

Examplel8: -
Integrate [/x% + a?dx
Ans:-Let = [vVxZ+ a?dx
=[VxZ+a%x 1dx
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={f(L.dOWx2+a? - [(J 1.dx).%(\/x2 +a?).dx
= xVxZ + aZ — [ x X —— X 2x dx

2Vx2+a?
—_ 2 2 X
=xVx¢+a?— | x X —=—— dx
f VxZ+a?

2_g2

_ Tz [X’ta’-a

= xvxc+a
f\/x2+a2

_ 5 7 x%4a?
= xVx2+a f\/de+f\/T

2 2 _ 2 2 2 ax
xVx2+a?— [Vx2+a?dx+a | ==

x x2+a2—1+a21n|x+\/x2+a2|+c

= 2]= x\/x2+a2+a21n|x+\/x2+a2|+c
2

= | = %\/x2+a2+%ln|x+\/x2+a2|+c

2
x a
f x2+a2dx=§ x2+a2+71n|x+\/x2+a2|+c

Example — 19
Integrate [ sec?*6Vsec?6 + 3 do
Ans: -[ sec?0+sec?6 + 3 df
= [sec?6vVtan?6 + 1 + 3 d6
= [sec?0Vtan?0 + 4 d6 {tanf =t => sec?6 d6 = dt}
= [VtZ+22dt  (From example-18 , putting a =2)
:§W+§1n|t+m| +c
=§M+§1n|t+m| +c

= taZnG\/tanZG +4+2 ln|tan9 +Vtan?6 + 4| +c
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Example-20: -
Integrate [VaZ —a?dx ( 2014-S)
Ans:- Let| = [Vx? — a%dx
= [VxZ—a? x 1dx
= (f Ldx)VaZ = aZ — [(J 1.dx).o (Va% — a)dx

=xVx2—a? - fxx\/_XZxdx
2
—x\/xz—az—f\/x;c__azdx
_ 7% _ x’-a*+ad?
Wt —a? - [ dx
2 _ g2 — x?—a’ _fa_zdx
oz

=xVx2 —a? — [Vx? —azdx—azf\/fa2
=> |=xVx?—a?—1— a?In|x +Vx2 —a?|+¢
= 2|= x\/xz—az—azln|x+\/x2—a2|+c

2
=>|= §\/x2—a2—a?ln|x+\/x2—a2|+c

2
- X a
= -[ xz—azdx=E\/xz—az—71n|x+\/x2—a2|+c

Example - 21
Integrate [ Va? — x% dx
Ans - letI = [Va? —x?dx
[Va? —x2 x 1dx
(f L.dx)Va =22 = [(f 1.dx).—- (VaZ — x%)dx

- 2 _ 2 _ 1 _
=xvVa? —x fx.zm( 2x) dx
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2

= 2 _ 2 _ X
= xvVa? —x fmdx

2_ 2_2
- 22 — 12 — fa x“—a

,/az_xz

2 2
_ 7 7 a“—x 2 dx
= xVa® —x* — dx+ a

fm f\/m

2—x2 — [Ja? —x2dx + a? sm1 +c
. -1 X
=> |= xVa?2 —x2—1+ a?sin 1E+C
. -1 X
=> 2| = xVa? —x2+ a?sin 1;+c

2
X a . -1 X
=] = E\/az—x2+—zsm 1;+c

2
x a X

f a2 —x%2dx ==+a?—x2+—sin"'=+¢

2 2 a

Example — 22
Evaluate [ a*Va?* —9dx
Ans:-[a*Va** —9dx {Puta* =t => a*lnadx = tdt.}

2
= [V =324t {Asf\/xz—azdx=§\/x2—a2—a7ln|x+\/x2—a2|+c}

na

2
— V2 =37 = ZIn|t + VT = 32[] + ¢

Ina

VT2 =9 —In|t +VEZ — 9] +¢

== [—w/(a?f)2 —9—2In|(@* +/(@)? - 9] +¢
== [a?x\/azx -9 —gln|(a" ++vVa?* -9 +c¢

Ina

Example-23: -

Integrate [ V2x2 + 3x + 4 dx
Ans: -[V2x?+3x + 4 dx

=V2f /x2+§x+2 dx
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= \/ff\/x2+2.%x+(%)2—(%)2+2 dx

= \/ff\/(x+%)2—%+2 dx

V2 [ /(x+§)2+§dx (Putx+ 2=t =>dx = dt)
V2 [ /t2+( )2 dt (‘applying result obtained in example-18)
_2 2
V2 [ /t2+( 2y 4 )ln t+ /t2+(‘/ﬁ)
4
_\/Ex‘% 32 161 2 4
=V2[7 [+ + + nx+ + (x+—) T
:\/5[4x8+3 / 243 x+2+—ln x+ + /x2+ x+2‘

— 4x+3w+ 23«F1n +%+Jm’+c (Ans)

1+c

]+c

Example-24: -
Integrate [ e® sinbx dx

Ans -  Letl=[e*™ sinbx dx

= ([ e** dx) sinbx — [([ e™ dx) X :—x (sinbx) X dx

eax ) eax
=—sinbx — [ — X cosbx X b dx
a a

e™sinbx b
=———— — [ e®cosbx dx

:e“"sinbx _ % [(f e dx)cosbx — f(f e dx) x % (cosbx)dx]

a

e%sinbx b e

_ eax .
=———— — [—cosbx — fT X (—sinbx) X b dx]

_ e%sinbx b e cosbx

+ sfeaxsinbxdx]

a a a

e sinbx b b? .
= — = e%cosbx — = [ e%* sinbx dx
a a? a?

esinbx b b2
l= ———— — —e%cosbx— = I +¢
a a? a?
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b? e®sinbx b
= I+5I= ——e%cosbx + ¢
a a a
__a?+b? ax [sinbx b
=>(——F) = e¥|—— ——cosbx|+C
a a
a?+b? asinbx—bcosbx
=>( > )I:e‘”[—2 ]+c
a a
i bx — b cosb
=> = ——|a sinbx — b cosbx c
a?+b? [ 1+
ax
J e sinbxdx = ——— (a sinbx — bcosbx) + ¢
a‘+b

Example-25
Integrate [ e® cosbx dx

Ans:- By adopting the same technigue as we have done in example-24 We get

ax

% (a cosbx + b sinbx) + ¢

jeaxcosbxdx ==
ac +

Example-26 : - Evaluate [e?*sin3xdx  (2017-S)

Ans:-[ e?* sin3x dx

( Proceeding in the same manner as we have done in example-24 with a=2 and b= 3)

2x

= [2 sin3x — 3cos3x] + ¢

2x
= :? [2 sin3x — 3cos3x] + ¢
2x

= e1_3 [2 sin3x — 3cos3x] + ¢ (Ans)

Example-26 : - Evaluate [ e3* cos2x dx (2016-S)

Ans:- [ e3* cos2x dx ( Putting a=3 and b=2 in the result obtained by Example-25)

3x

= 77 [3cos2x + 2sin2x] + ¢( Note- In exam you have to proceed as example-24)

3x
= ;: [3cos2x + 2sin2x] + ¢

3x

= 81—3 [3cos2x + 2sin2x] + ¢ (Ans)
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Exercise

1.Evaluate the following Integrals (2 marks questions)
. 1
|) fmdx

iy [+ ) dx

1-sin3x
i) [———dx

_)f cos2x d
iv) | ———————dx
sin?xcos?x

V) f\/l + sin2xdx
(e +1
vi) f o dx

vii) j e?nxdy

) dx

viii) f(\/ 1—-x%2+
» wr
&) f x3Vx?% —

-[ 1—cos2x d
*) 1+ cos2x x

52
V1 — x2

X) s

Xii) f(x®te* + e®)dx

1+sinx

xiii) [(x? +x)%dx

2.Evaluate the following (2 marks questions)
D f (1+x3)2
ii) fsecz (3x + 5)dx

(tan‘1X)3d
iii) 1T 22 X
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iv) f Sef/;\/}

V) ftan3xsec2x dx

vi) f\/l — sinx cosxdx

vii) fx\/xz +3 dx

dx

viii) fm (2017-W)

X
o [

Y2 — a2

ex

x) f—(ex—Z)Z dx
xi) fex3x2 dx
xii) fe“’szxsiandx
xiii) fo cot(x? + 3) dx
Xiv) fextane"dx

je +e7*
xv)

ex —e™*

xvi) JBxezxdx
)f sinx
xvil 51n(x+oc)

J‘tanx + tan «
xvill) | ————
tanx — tan «<

xix) [sec3x.tanxdx  (2016-S)

tan 1X

xx) [Z — dx (2014-S)

xxi) [sin®®xcos3xdx (2017-W)
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Question with long answers (5 and 10 marks )

(10 marks questions are indicated in right side of the question.)

3.Evaluate the following:-

4.

i) fsin4x cos3x dx
ii) fcosSx cos2x dx
iii) fsin6x sin3x dx
iv) fsin%x cos gdx

x
v) fcost coszdx

vi) [ sin®x dx (10 marks)

vii) [ cos”x dx (10 marks)

viii) [ sin®x dx

ix) Jcossx sin3x dx

) -[ sin3x p
x x
cos®x

xi) Jsin‘*x. cos*x dx
xii) jtans 0.sec*6 do

xiii) Jtan59 de

) sin4dx — sin2x
xiv _—
cosx

(10 marks)

dx

Integrate the following :-

) j dx
l V11 — 4x?
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e3x
il —dx
) f\/4 — eb%

dx

iii) f—
X4/ 25 — (Inx)?

v) cosf do

iv) | —
V4 — sin?6

) cos@do

v e

V4sin26 + 1

dx
vi —e ]
) f\/S—xz—4x

- x+3
vu)f—dx
V5 —x2 — 4x
viii) [ %
3x2+7

e4x
ix) feg" n 4dx
f secO tanf
sec?9 + 4

J x° 4
xi) 014 X
. j dx
| e 413

dx
Xlll) f\/ﬁ

xiv) f dx
xlnx/(Inx)? — 4
f dx
*v) V4x? — 6
) J‘ dx
W | e

i J‘ x+7 d
xvii ——dx
Vx2 + 8x
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5.

1

xvlu) fmdx ( 2014-8)
. 1
XlX) IW dx (2015'8)
d
xx) [ ﬁ (2015-S)

) f dx
xxi) 7 — 6x — x2

Evaluate the following

(i)
(ii)
(iii)
(iv)
(V)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)
(xvi)
(xvii)
(xviii)
(xix)

(xx)
(xxi)
(xxii)
(xxiii)

f(1+x)e*dx

[ x3e*dx

[ x sinx dx

[ x?sinax dx

[ xcos?xdx

[ 2x cos3x cos2x dx (10 marks)
[ 2x3cosx?dx

[ x7Inx dx

[(Inx)3dx

fl;l—sxdx

[sec™xdx

[x sin"lxdx

[ e*cos?xdx (10 marks)
[ e?*cos5xdx

[V7x% + 2dx

[ e*(tanx + Insecx)dx

1 1
f[_ - (lnx)Z] dx

Inx

[ sin(lnx) dx

f(lx-l-ex)z dx

[Vx2 —8dx

V9 —x2dx

[e*sinxdx  (2016-S, 2017-W)
[ e*sinx dx (2019-W)
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Answer
. 1 L7 1 2
1)i) —2x /2+¢ ii) X7 toxstc iil) — cotx + cosx + ¢
iv) —cotx — tanx +c V) Sinx- cosx +c vije* —e*+c
xS i g . 1 1
Vi) =+c¢ viii) sin™*x+c iX) secT'x—-=+c
3 2x
. o xet1
X) tanx —x +c Xi) tanx — secx + ¢ Xii) —t e*+ e®x+c
5 7 2
xiii) =+ Zxz + -+ ¢
5 7 2
. -1 o 1 ... (tan~1x)*
2) ) 3(1+x3)+c ii) 3tan(3x +5)+¢ iil) ———+c¢
. 4 . 3
iv) 2tanvx + ¢ ) mz T+c Vi) —%(1 — sinx) /2+c
3
Vi) $(x2 +3)z +c viii) —2log(2 — 3x) + ¢ iX) VxZ—aZ +c
X) ———+c Xi) 2e*’ +c Xii) - e0S* 4 ¢
e*-2 3
Xii) ln| sin(x? + 3) | +c  Xiv) ln| sece* | +c xv) In(e* —e ™) + ¢
.\ 3¥e?¥ . , .
XVi) i TC XVii) xcosa — sina ln| sin(x + a) | +c
) ) .\ sec3x
xviii) xcos2a + sin2a In | sin(x — a) | +c XiX) — tc¢
tan—1x £sin?lx  sin®3x
XX) e +c XXi) ) 3 t¢
- 1 1 1. N 1.
3) i) —cos7x —-cosx + ¢ i) —sin7x +=sin3x + ¢ i) =sin3x — —sin9x + ¢
14 2 14 6 6 18

.o\ =2 5 x 1 . 5 1 . 3x . 2 1
iV) —cos>x —2cos=+c V)=sin-x+=sin=+c Vii) -cosx +=cos3x —=cos°x + ¢
5 4 4 57772 3 2 3 5
o . 3 . 1, | : . .
vii) sinx — sin3x + Esmsx - 7sm7x +c Vi) To7 (60x — 45sin2x + 9sindx — sinb6x) + ¢
1 1 1 1 N1 . 1,
iX) =cos®x —=cos®x + ¢ X) =sec’x —=sec3x +c¢  Xi) — (3x — sindx + —sm8x) +c
8 6 5 3 128 8
- 1 6 1 8 HH 1 4' 1 2
Xii) “tan 0 +gtan 0+c Xiii) L tan 0 — 5 tan 0+in | se09| +c

, 2
Xiv) 4cosx — 3 cos3x +c¢

N1 2x 1 e3% Inx
4) N=sinT1=+¢ i) =sin"1—+¢ i) sinT1—=+¢
) 1) 2 Vil ) 3 2 ) 5
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iv) sin‘l(g) +c ) %ln | sind + [sin26 +% | + ¢ vi) sin‘lx%2 +c

i) sin~1*2 _\/5 —x2 — 4x -1 3% 1 (e
vii) sin . 5—x?—4x+c Vlll)rtan \/_+C IX) tan~ ( )+c

X) —ta (Secg) +c Xi) —tan_1 ( ) +c  xii) %tan‘1 xzﬁ +c

XIII) sec™! (%) +c  Xiv) %sec‘1 (lnTx) +c  Xxv) %ln | 2x + VaxZ =6 | + ¢
XVi) ln|x+4+M| +c Xvii)\/m+31n|x+4+m| +c
Xxviii) %tan‘l(m%ﬁc xix) log | logx +\/(logx)? — 8| + ¢

1 m-13% iy i, | 74X
XX) ;sinT —+c¢ XXI)81n|1_x|+C
5) i) xe* +c¢ i) e*(x3 —3x2+6x—6)+c iii)sinx — xcosx + ¢
iv) % [(2 — a?x?)cosax + 2axsinax] + c V) %(sz + 2xsin2x + cos2x) + ¢

. 1 . 1 . . .
Vi) cosx + 5 cos5x + x (smx + Esme) +c¢  vii) x?sinx? + cosx? + ¢

viii) :—z(Slnx -1 iX) x[(Inx)® — 3(Inx)? + 6lnx — 6] + ¢
X) — (1 +4lnx)+¢ xi) xsec lx —In|x + Va2 —1| +¢

164'

2 x
Xii) (x? - i) sin"lx + ixx/l —x2+c Xxiiii) i—o (5 + cos2x + 2sin2x) + ¢

2x
Xiv) 62—9(2c055x +5sin5x) + ¢ XV) V7xZ +2 +Tl7ln |V7x +V7x2 + 2| +¢

xvi) e* In(secx) + ¢ Xvii) % +c Xviii) g[sin(lnx) —cos(lnx)] + ¢
xix)xe—:1+c xx)%Vx2—8—4ln|x+\/x2—8|+c

2Xx x
XXi) §\/9 —x%+ gsin‘1 g +c  xxii) %(Zsinx — cosx) + ¢ xxiii) % (sinx — cosx) + ¢
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DEFINITE INTEGRAL
Introduction
It was stated earlier that integral can be considered as process of summation.
In such case the integral is called definite integral.

Objective

After completion of the topic you will be able to
1. Define and interpret geometrically the definite integral as a limit of sum.
2. State fundamental theorem of integral calculus.
3. State properties of definite integral.
4. Find the definite integral of some functions using properties.
5. Apply definite integral to find the area under a curve

Expected Background knowledge

1. Functional value of a function at a point.
2. Integration.

Definite Integral

Integration can be considered as a process of summation. In this case the integral is
called as definite integrals.

»

A
i
LH
1
[=n

a=Xg Wy X3 Vi Xz

Fig-1
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Definition:-

Let f(X) be a continuous function in [a,b] as shown in Fig-1 . Divide [a,b] into n sub-intervals
of length hy, hy, ...l hpi.e.hy =X —Xo, No=Xo —Xq ) cvennnnnnn. , Nn = Xp — X1

Let v, be any point in [X.1, X] i.€. v; € [xg x1], V2 € [x1 x2],cevnnnnnnnnn , Un € [xp_1xp]

Then the sum of area of the rectangles (as shown in fig) when n>« is defined as the

definite integral of f(x) from a to b, denoted by f: f(x)dx
Here, a = lowerlimitofintegration
b = upperlimitofintegration
Mathematically,

[2 fo)dx = lim[haf(va) + haf(vz) + oo + haf(Vi)]

Fundamental Theorem of Integral Calculus

If f(x) is a continuous function in [a,b] and [ f(x)dx = @ (x) + ¢, them

2 f(x)dx = ® (b) - ® ()

Note :- No arbitrary constants are used in definite integral.

Example:
1.Find [ x3 dx
Ans.
Firstfind [ x* dx =%+ ¢
Here, f(x) = x*, ® (x) ="
By fundamental theorem
[ixddx =0 (2)- (1)

2% 1t 16 1 _ 15
4 4 4 4
. 1 dx
2.Find [/
Ans.
1 dx _ -1 .11
o <2 =[tan™" x]3
=tan"'1 -tan"10
Vs s
=—-0= =
4 4

3.Find [, 2xe* dx
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Ans.
f23 2xe*"dx
{Let x?2 = u =>2xdx = du, when x = 2, u = x? = 4,
Whenx=3,u=x2%2=9,
So, lower limit changes to 4 and upper limit changes to 9}
= [Petdu
4
=[e*]7 =e?-e* (Ans)

Properties of Definite Integral

1.[7 fodx = [ f(Ddt

Explanation
Definite integral is independent of variable.

e.g. f23 x%dx = f23 u?du = f23 t2dt

2. f:f(x)dx =- f;f(x)dx

Explanation

If limits of definite integrals are interchanged then the value changes to its negative.
3 2

e.g. [, xdx =- [ xdx

3. [ f(xdx = [ fo)dx + [ f(x)dx where, a<c<b.

Explanation

If we integrate f(x) in [a,b] and ¢ € [a,b] such that a<c<b, then the above integral is same if
we integrate f(x) in [a,c] and [c,b] and then add them.

e.g. f26 xdx = f: xdx + f: xdx
verification

6 _ X2 6
Jy xdx = 51

=8 2 36 418916 s (1)
2 2 2 2
4 6 2 2 42 22 62 42
f, xdx+ [ xdx = F13+ 18 =S+ -]
16 4 36 16
=5+ 5 51 =62 +(18-8)
=6 + 10 = 16 v @)

From (1) and (2) we have,

6xdx = 4xdx + 6xdx verified
2 2 4
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4, foaf(x)dx = foaf(a —x)dx
e.g. fogsinxdx = fog sin(% —x)dx

verification

B

T —
T ~ i
J& sinxdx = [- cos X[}

=-[cosZ—cos 0] =-[0-1] =1 --roeemn

T 3
T .
J¢ sin(G — x) dx = [ cos xdx
s

=[sinx]3 =sin>-sin0=1-0 =1
From (1) and (2)

Jg sinxdx = [2sin (g - x) dx (verified)

5.(i) If f(x) is an even function, then

£ f@odx =2 [ f(x)dx

(i) If f(x) is an odd function, then

[ Fx)dx=0

@)

Example: - By this formula without integration we can find the integral for

f(x) is an odd function if

f (%)= -f(x)

Sinx, X ,x3 ......... are examples of odd functions.

f(x) is an even function if

f (-x) = f(X)

Cosx, x%,x* ... are examples of even functions .

Example:-

f_zz x%dx =2 foz x%dx

{f(x) = x2is an even function as, f(-x) = (-x)* = x%. So, f(—x) = f(x)}

Similarly,
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T
[2z sinxdx =0
2

Reason
f(x) = sinx => f(-x) = sin (-x) = -sinx
So, f(-x) = -f(x)
= f(x) is an odd function.

6.() J"fxdx=2 [ f(x)dx it f(2a-x) =f(x)
(ii) o f(x)dx = 0 if f(2a - ) = F(x).

7.f:f(x)dx = f:f(a + b —x)dx

Problems

QLFind [_|x|dx
Ans.
x| = {—x, x<0
x, x=>0
[x| changes its definition at ‘0’, so divide the integral into two parts (-2,0) and (0,1).

Now, f_lzlxldx
= 2 lxldx + [ |x|dx{Property (3) [ f(x)dx = [ f(x) dx + [ f(x)dx}
= f_oz —xdx + fol xdx{when, -2 <x < 0i.e. x<0then, |x| = -x}

=- [%2]92 + [x;](l,{when, O0<x<1lie.0<xthen, |x =x}

= o

2 2
_ 4 1 _ 1_3

25, 2
T ]+[2

Q2.f° |x +2] dx=?
Ans.
f_66 |x + 2| dx = f_84|u|du {Letu=x+2=>du=dx, when, x=-6,u=-6+2=-4}
{when, x=6,u=6+2 =8}
= 2, lul du + f]luldufproperty (3)}

0 8
= [, —udu + [ udu { when -4<u<0 then Iul = -u and when 0<u<8 ,then Iul = u}

= [51% + 58
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N[~

2%, +5 [W2]§ =202 — (—4)° ] +5[82 - 0]

=-2(-16) + (64)
=8+32 = 40(Ans)
Q3. Findf [x]dx

Ans.
[x] is a function which changes it value at every integral point. So, we have to break the
range into different integral ranges i.e. (1,3) can be breaked into (1,2) and (2,3)

[ xldx = [[[x]dx + [)[x]dx {applying property (3) i.e. [, f(x)dx = [} f(x)dx + [ f(x)dx}
= fl 1dx + fz 2dx{when 1 < x< 2 then [x] = 1, when 2 <x < 3, then [x] =2}
= [X{ + [2x]3
=(2-1)+2(3-2)=1+@2X1) =1+2 =3

3
Q4. Evaluate |, Zl2x]dx

Ans.

2 _r3 du

Jel2xldx = [Tl S

{Put u = 2x, du = 2dx >dx-—When X=0,u=2x= Owhenx-g u=2x=3}

=2 [y [uldu + [ Tuldu + [, [u
=110 ]+[u]1+2[u]z]=§[0+(2-1)+2(3—2)]
=~[0+1+2] =(Ans)
Q5. Find [ {|x| + [x] } dx
Ans.
Si0xl+ [edx = [1) xl dx+ [
=[° |x|dx+f|x|dx+f dx+f
= [° —xdx+ [ xdx + [°(~1) dx + [, 0 dx {By def® of |x| &[ )
=510+ 13- [x]% +0
=-5 (02 (1) +5(1% = 0)- (0~ (-1))
=S (D+51-(1)

1 1
=-+2-1 =0 (Ans)
% vsinx ) B
Q6. Evaluate | NG dx {2016-S, 2017-W}

Ans.
In this type of problems we generally use property (4). And this type of problem can be
solved by following technique.

_ Vsinx
Letl=J; \/errosxd """"""""""" M
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_ f% /sin(g—x) dx
0 \/sin(g—x)+\/cos(§—x)

{In above x is replaced by % — x. As by property(4) there is no change in integral value}
Vcosx

= [r——"—dx

0 /cosx+ Vsinx
_ _ z Vcosx
=>I= f()z Jsinx+ +/cosx dX -----mmmmemeee- (2)
Now equation (1) +(2)

z Vsinx z Vcosx
= [z —————~ 2 Y707

= 1+1 0 vsinx+ +/cosx dx + 0 +sinx+ +/cosx X
%\/sinx+ Vcosx

——F——=dx
0 vsinx+ +cosx

= 21=

T

= 21=[zdx= [x]2
2 20=(-0)=7
2> [==
4
z Vsinx T
Hence, fOZ Vsinx+ \/cosde T4

Q7. Evaluate [#log( + tan6)d6{2016-S}
Ans.

Let | = [#log(1 + tang)do

= f#10g (1 + tanC - 6)) dB {As [ FG)dx = [ f(a — x)dx)

ks Z_tand
= J#log (1 L )de

1+tan% tan6

= [¥log (1 + 2% g

1+ tan®

_ fozlog (1+tan9+1—tan9) de

1+tané

z 2
- f04 log(1+tan9) do

= f()z(logZ —log(1 + tan®))do {log (g) =log a - log b}

= J#log2 d6 - [#1log(1 + tand) do
= I=[+log2df - [#log(1l + tand) db

= I=log2 [#d6 -1 {As1= [+log(1 + tan6)}
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= 2I=log2 [6]; =log2 (- 0)
= 21=%log2
= I:%logZ

Hence, [#log(1 + tand) df = g log2 (Ans)

Q8. Evaluate [, ——dx

Ans.
1 x 1x+1-1
Jo s dx=Jy S dx
1,x+1 1
=l G mdx

= [y - dx

=[x-1In (x+1)]}
= [(1-In (1+1)) = (0 - In(0+1))]
=1-In2-0+In1

=1-In2-0+4+0
=1-1In2
1 dx
ngo eX4 =X
Ans.
1 dx 1 dx 1 dx
fo eXye—xX fo ex"'eix _f() ex.:§+1
1l e¥dx 1 e* d
T Jo extxyqr T J0 e2x4q x
1 e
o (eX)2+1dx
{ Lett=e* =>dt=e*dx
when, x=0,t=e*=e%=1
whenx=1,t=el=¢e }
_ e dt _ -1
=), 7y = [tan™7t]§
=tan"le-tan 11
=tan"le- % (Ans)
V2 o odx
=2
QlO.f1 W 7
Ans.
V2 odx 1.2
s = et x}
= sec 1v/2-sec711
=Z.0
4
s
= Z (AHS)

Q11 Find [§ ——=dx
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Ans.
4 1
fo —x+\/}dx

_ T S
Let+v/x =t, Then, 2\/de— dt

2 dx=2vx dt=2tdt
Whenx=0,t=vx=v/0=0
Whenx=4,t=vV4=2

Now,
f4 1 _ fz 2tdt
0 x+yx 0 t24¢

5 (2 tdt 2 dt 2
=2 fO rasn 2 fO Ttﬁ) =2 [1H(1+t)]0
= 2(n3-1In1l) =2 (n3-0)=21In3 (Ans)

Q12. Evaluate [2—

X
1+cotx
Ans.
z z 1
2 dx = |2————dx Property 4
0 1+cotx 0 1+cot(G—x) {Property 4}
s
= [z—1L
0 1+tanx
LT
=2 dx
0 14—

T3
= 2
— Jo cotx+1 dx
cotx

s
— cotx

= |2

0 1+cotx

_ f% cotx+1-1
~Jo

1+cotx
z 1
— (2 —
J‘0 (1 1+cotx)dx
™ T
— (2 2 ——— Ay e
J‘0 dx fO 1+cotx dx (1)
Letl= [2 x
0 1+cotx
Then from (1)
[=fzdx-1
2 20=[zdx= [x]3= G-0) =2
> ==
4
2 =T
Hence, [; ———dx =7 (Ans)

Q13. Prove that [2log(sinx)dx = [2log(cosx)dx = —log2 {2018-S}
0 0 2
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ANs.
Letl = foglog(sinx)dx --------------------- (1)
= [#1og(sin(% — x))dx U2 Faodx = [ f(a — x)dx)
= foglog(cosx)dx -------------------- (2)

Add (1) and (2)
I+1 = foglog(sinx)dx + f(?log(cosx)dx
= fog {log(sinx) + log(cosx)}dx
= foglog(sinx. cosx)dx {loga + logb = log ab}

z 2sinzx.
— foz ]og( st;cosx)dx

z in2
= J2 log(m; DYdx

= J2(logsin2x —log 2)dx
21 = [2logsin2xdx - [?log2dx --------me-mmeeee- 3)
Now, fglog sin2xdx  {Putt= 2x we have dt = 2dx whenx =0,t= 0 whenx = %, t=m}

b . dt
= J, logsint—
1

= Ef: log sintdt { Here f(t) = log sin(t), Then f(mr — t) = log sin(m — t) = log sin(t) = f(t)}
= % x2 [zlog(sint)dt {By property-6 i.e.fozaf(x)dx = Zfoa f (x)dx ,Where f(2a-x) = f(x)}

= JZlog(sint)dt { We have fonlog sintdt = 2 [ log(sint)dt }

= foglog(sinx)dx {Property (1) f;f(x)dx = f; f(t)dt}

=1 (from (1))
2 1= foglog SIN2xdx -------=------=smome- 4)
From (3) and (4)
= 21=I-f0§log2dx

T

= 2I=I1-log?2 [X]g
= I=-log2(3-0)
Hence, [2log(sinx)dx = [2log cosx dx

=- g log2 (Proved)

Exercise
Evaluate the integrals ( 2 marks and 5 marks questions)
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(Questions with 2 marks is marked on right of the questions)
) [l[x%)dx

T cosx
2) 02 mdx (2015-3)
3) 2

0 1+tanx

1log(1+x)
4) /5 D) dx

4 1
I T Tk

T xdx
6) fO 1+sinx
7)  Jzlog(tanx)dx (2017-S) (2014-S)
T oax
8) 02 1+sinx
9) Jg sin2xlog(tanx) dx
T Xxsinx
10) fO 1+cos?x
T sinx
11) Ozmdx (2017-W)

12) [’ ,[x]dx (2018-S) (2marks)

13)  f) ﬁd_%dx (2016-S) (2017-S)

14) [ 4x (2marks)

0 14+x2

15)  [J[xldx  (2017-W)

ANSWERS
1.5-V/3 -2
2 I
"4
Vs
3.2
4.% log 2 {Hints Put x = tan@}
5+3V3
5.l0g(5-7)
6.7
7.0
8.1
9.0
10 11, T 12 41
4 4
13. 2 14 Z 15. 3
2 4

Area under plane curve
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In our previous study we know that the definite integral represents the area under the
curve.

Area enclosed by curve and X- axis

Area enclosed by a curve y = f(x) , X-axis , X = a and x =b is given by

-
X! 0
VY’
Fig-2
Area = f:f(x)dx
Example -1

Find the area boundedy = e* , X-axisx =4 and x = 2
Ans.
Here y = e* is the curve
Area of the curve bounded by X-axis ,x=4and x=2is
Area = f;y dx = f; e*dx
=[e*]3 =e*— e? (Ans)

Example — 2




183

Find the area enclosed byy =9 -x?2 ,y=0,x=0and x = 2.

Ans.

Area= [’y dx = [}(9 —x?)dx

= [9x — 113 =[(9X2) - - (0-0)]

=18—§=ﬂ=ﬁ(Ans)
3 3 3

Area of a circle with centre at origin

As shown in figure-3, the circle with centre at origin is divided into four equal parts by the
co-ordinate axes

Fig-3

N
°
®
N

VY

Hence area of the circle = 4 X area OAB

Example -3
Find the area of the circle x? + y? = a? (2015-S)
Ans.

Area of circle = 4 X area OAB (see fig-4)




184

VY
Fig-4
Now equation of circle is x? + y? = a2
=>y=VaZ —x2 (for portion OAB)
(Actually y = +Va? — x2) , but in 1% quadrant y is +ve)
=y=vaZ —x2
Now the portion OAB is bounded by y — axisi.e. x=0,
X axis and y = Va? — x2
In the given region x varies from 0 to a ; as it is clear from figure the point A is (a,0)
(A = (a,0) because x? + y? = a? has radius a)
Now Area of OAB = foa y dx

= foa\/az —x%dx
2
= [gxla2 — x2 +a7sin‘1§]8
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= [§M+ a;sin‘lg— (0 + a;sin‘1 0)]
=O+a7zsin_11—0+0 =a7zsin_11=a72.§=%na2
Hence area of circle is = 4 X area of OAB
=4X inaz = ma? sq units
Example — 2

Find the area bounded by the curve x2 + y? = 9(2017-S)

Ans: - Area of the curve x2 + y? = 9 i.e. circle = 4 X Area OAB { from fig-5}

Y

A(3,0)

vY

Fig-5

As x? + y? = 9 has radius 3

So, Ais at (3,0)




186

Area of OAB is the area bounded by curve AB, Y axis and X axis.
Now Curve ABis x? +y?2 =9=>y=v9 —x2
(asin 1* quadrant y is +ve)

In the region OAB x varies from O to 3.
Now area of OAB = [’y dx = [ V9 — x2 dx
= [gm + gsin_lg]g
=[2V9 =9+ Zsin"(5)] - [0+ sin 1 0]

=O+§sin_11—0

- Area bounded by the curve x? + y2 = 9 is = 4 X Area of OAB
=4 X %ﬂ = 971 sq units (Ans)

Exercise

Q.1 Find the area bounded by the curve xy = c? ,y=0,x=2and x = 3. (2 marks)
Q.2 Find the area bounded by the curve x2 + y? = 4. (2015-S) (10 marks)

Q.3 Find the area of the circle x2 + y? = 16. (10 marks)

Ans . (1)c? logg
(2) 47 sqg units

(3) 16 m sq units
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Differential Equation
Introduction

After the discovery of calculus, Newton and Leibnitz studied differential equation in connection
with problem of Physics especially in theory of bending beams, oscillation of mechanical system
etc. The study of differential equation is a wide field in pure and applied mathematics, physics
and engineering.

Objectives

1. Define differential equation.

2. Determine order and degree of differential equation.

3. Form differential equation from a given solution.

4. Solve differential equation by using different techniques.

Definition of Differential Equation

A differential equation is an equation involving dependent variables, independent variables
and derivatives of dependent variables with respect to one or more independent variables.

Here x is an independent variable, y is dependent variable and % is the derivative of the
dependent variable w.r.t. the independent variable.

Examples: - i) Z—z + xy = x?

. A3y 4 d2%y
) —+x"—
) dx3 dx?

+ (=)*+y =
(dx) y =sinx
. d .
[ii) 2 + sinx = cosx.
dx
Differential equations are of two types as follows: -

Ordinary Differential Equation

An ordinary differential equation is an equation involving one dependent variables, one
independent variable and derivatives of dependent variablewith respect to independent variable.
dy d?

222 ..)=0

dx  dx

Mathematically F (x,y,
Examples :- i) L oyy=x?

’ dx
.. d3y 4d%y | Aysa ., _ o
i) —+x*—+ (E) +y = sinx

dx3 dx?

d
iii) £+ ytanx = secx
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Partial Differential Equation

A partial differential equation is an equation involving dependent variables, independent
variables and partial derivatives of dependent variable with respect to independent variables.

dz | 0z
m -t — =
Examples: ox Tay =Y
0%u | 9%u 62u=0

9x2 W d9z2
In this chapter we only discuss about the Ordinary differential equation.

Order and Degree of Differential equation

Order

The order of the differential equation is the highest order of the derivatives occurring in it i.e.
order of a differential equation is ‘n’ if the order of the highest order derivative term present in
the equation is n.

Ly —
Examplel: Y 2x
The highest order derivative term in the equation is 3—3: , Which has order 1.

~.order of the differential equation is 1.

dy | d3y _ ,dy.4
Example-2 i -— + —=+ (=)*+y =X
P dx*  dx3 (dx) y

4
The highest order derivative term is ZTZ , having order 4.

Hence the above differential equation has order 4.
Degree

A differential equation is said to be of degree ‘n’ , if the power i.e. highest exponent of the
highest order derivative in the equation is ‘n’ after the equation has been freed from fractions
and radicals as far as derivatives are concerned.

Before finding degree of a differential equation, first we have to eliminate those derivative
terms present in fraction form i.e. in the denominator and derivatives with radicals i.e

d 31d 4|d
/—y, /—y, /—y terms.
dx dx dx
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Example:- Find the order and degree of following ordinary differential equations.

, d? _ dy
i) d—xﬁ_ 3()* + xi) ( )3 dx3 2+ 3(—)4 + cosx =0

2
iii) % = /1 + (2 (o17-w)

iv) [1+ (%)213 =m%¥ (2016-S)

dx?2
ay.,
dy., . 1 1+ (G 3 dzy
—_ + _— = — = —_
V) (dx) % 2 VI) _%' dx?
X dx
dZ

Ans: -i) 2= 3(%)4 +X

dx?
2
Here % is the highest order derivative term.

Hence order of the differential equation is 2.

Again equation does not contain any derivative term in fractional form or with radical.

2
Power of the highest order derivative term % is 1.

Hence degree of differential equation is 1.
. d*y dy
||) (w)3 el + 3( )4 + cosx =0
4
From above it is clear that % is the highest order derivative term with power 3.

Hence order=4 and degree =3
d2
- 2
i) — ( )
{As the above equation contain square root, so first we have to remove square root .}

Squaring both sides we have, ( y) =1+ ( )

Now — |s the highest order term with power 2.

~order=2 and degree =2.
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iv) [1+ (& )]z—mdz—y

dx?

As power of the left hand side derivative term is% , SO we have to eliminate the fractional
power.

Now squaring both sides we have,

1+ @) 7= m %Y

2
The power of highest order derivative term %is 2.

Hence order = 2 and degree = 2.

V)()

x
As Z—z is present in the denominator of 2" term in L.H.S. , so we have to remove it first.

dy

Multiplying both side by - we have,

N34 1 =0
(dx) +1=2 dx
Now the only derivative term has power 3.

Hence order = 1 and degree = 3.

d
1+(y) 3[dzy

Vi) -

dxz
The equation contain both fractional form as well as radicals, so we have to remove it.

2
st muItipIyingZTZ on both sides we have,

3|d2y d’y
dx? dx?

1+ ( )2 =
Now squaring both sides we have,

1+ (2 = 252y

dx2’ “dx?
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Again taking cube of both sides we have

Ay 2v3 — (42¥v2 4%y 6 — 4%V g
1+ ) =D = (D)
2
From above the highest order derivative term 3732' has power 8.

Hence order = 2 and degree = 8.

Linear and Non-linear Differential Equation

A differential equation is said to be linear if it satisfies following conditions.
i) Every dependent variable and its derivatives have power ‘1’.

ii) The equation has neither terms having multiplication of dependent variable with its
derivatives nor multiplication of two derivative terms.

Otherwise the equation is said to be non linear.
Examples:- i) Z—Z + Xy = x?

.d3 d?
i) + x* 2

e Iz + Yy = sinx

d3y dzy
i —=+y— =4x
) dx3 dx?

) (V341 =0
IV) (dx) * 1_2dx

d3y + dy d?y
dx3 dx dx?

V) +y = 4x?

Among the above examples (i) and (i) satisfy all the condition of linear equation. So the 1* two
equations represent linear equations.

2
The (iii) is non linear because of the term yZTJZ’ which is a multiplication of dependent variable y

. . d?
and derivative term d—xJz’ .

The example (iv) is not linear due to the 1% term which contain Z—z with power 3 violating the
1% condition of linearity.

The example (v) is not linear due to 2" term which does satisfy the 2" linearity property.
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Solutionof a differential equation:-

The relationship between the variables of a differential equation satisfying the differential
equation is called a Solution of the differential equation i.e y = f(X) or F(x,y)=0 represent a
dy d?y
E,E,...,
There are two types of Solutions i) General Solution ii) particular Solution

Solution of the ordinary differential equation F (x,y, f;—i) =0 of order n if it satisfy it.

General Solution

The Solution of a differential equation containing as many arbitrary constants as the order of the

differential equation is called as the general Solution.
2

d
Example- y= Acosx+ B sinx is a general Solution of differential equation d—x); +y=0
Particular Solution

The Solution obtained by giving particular values to the arbitrary constants in the general
solution is called particular solution

2
Example: - y= 3 cosx+ 2 sinx is a particular Solution of differential equation % +y = 0.

Differential equation of first order and first degree

A differential equation of 1> order and 1* degree involves x,y and Z—z .

Mathematically it is written as Z—y = flxy) or F(x, y,Z—z) =0

X

Solution of Differential equation of first order and first degree

The Solution of 1* order and 1* degree differential equation is obtained by following
methods if they are in some standard forms as i) Variable separable form ii) Linear differential
equation form.

Variable Separable form

If the differential equation is expressed in the form,

f(x)dy + g(y)dx = 0, then we say it variable separable form and this can be solved by
integrating the terms separately as follows.

ﬂ=_fd_x

Solution is given by [ - f&

=>log | g(») | +log | f(x)| =logc

=>g(fx) =c

Where g(y) and f(x) are functions of y and x respectively, is called a variable and separable
type equation.
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Z—y—x2+2x+5

Examplel: - Solve - =

Ans: - @ =x2 412545
dx

=>dy = (x? 4+ 2x + 5)dx
Integrating both sides we have,

=>[dy = [(x*+2x + 5)dx

3 2 3
:>y:x?+2%+5x+C= %+x2+5x+c (Ans)

d 2
Example-2: - Solve =~ = =2
dx x%+1
.ooady _ 2y
Ans: dx  x2+1
=>d_y= dx
2y x2%+1

_ dy _r dx
_>f5 _f X2+1
=>2log, y = tan~lx + C
=>"log, y = tan™'x
=>log,y = 2tan”1x + K {2C =K is a constant as C is constant}
dy
Example-3: - Solve . = X COSX
dy
Ans: - —; = Xcosx =>dy = xcosxdx
Integrating both sides we have, =>[dy = [ xcosx dx
=>y= x[cosxdx— [ {%’z) [ cosxdx}dx {integrating by parts}
=>y = x sinx — [ 1.sinxdx = x sinx +cosx + C (Ans)

Example-4: - Solve Z—i’ =J1—-y?

LAy _ — 2
Ans: Tx J1—y

d
= =X =dx

J1-y?

=> f% = [dx {Integrating both sides}

=> sin"ly =x+c . (Ans)
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Example5: - Solve sec?x tany dx + sec?y tanxdy =0

Ans: -sec?x tany dx + sec?y tanx dy =0

=>sec’y tanx dy = - sec’x tany dx
__sec’ydy _ sec’xdx
tany tanx

fseczx dx

:>f sec’ydy
tanx

tany

Letu=tany => du= sec’ydy and letv=tanx =>dv = sec?x dx

:>fli—u = — dTU

=> Inu=-Inv+InC => Inu + Inv=1InC
=>Ilnuv=InC =>uv=C => tanytanx= C (Ans)

Example-6: - Solve x cos?y dx = y cos?®x dy

Ans:-x cos?y dx = ycos?xdy

- ydy _ xdx
cos?y  cos?x

=>ysec?y dy = xsec’x dx

Integrating both sides,

=>[ysec’ydy = [xsec’xdx

=>y [ sec’y dy — f{%.fseczy dy}dy = [xsec’xdx — f{%.fseczx dx}dx

=>ytany — [ 1.tany dy = x tanx - [ 1.tanx dx

=>y tany — log Isecyl = xtanx — log Isecxl+ C

=> ytany - log Isecyl -x tanx+ log Isecxl = C (Ans)

Example-7: - Solve (1+y?)dx+ (1+x?)dy =0 (2015-S)
Ans - (1+y?dx+ (1+x?)dy =0
=>(1+x%)dy =- (1+y?dx
. ay _ dx _ dy _ dx
_>f 1+y2 f1+x2

TT14y? T 142
=>tan"ly = —tan"x + tan™'C {astan 'C can be taken as a constant}
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=>tan"ly + tan"lx = tan~1C

oyt _
=> tan~ 1 2XX = tan~1C
1-yx
+
= XX = C (Ans)
1-yx
dy

Example-8:- Solve == sin(x+y)

dz

i dy _ _. _ . . s dy _
Ans :- == sin(x+y)  { Let x+y = z differentiating w.r.t. x, 1+ e }
g
=> 1=-sinz

a .
= 2 =1+sinz
dx

dz
=> —= dx
1+ sinz

Integrating both sides we have,

dz
=>
f 1+ sinz

_ f (1-sinz)dz
- (1-sinz)(1+ sinz)

[ dx

[ dx

(1-sinz)dz

=> = dx
f 1-sin?z f

_>f (1-sinz)dz
cos?z

= [dx

sinz 1 )dZ —

C0SZ cosz

=>[(sec?z — [ dx

=>[(sec?z — tanzsecz )dz = [dx

=>tanz-secz=x+C

=> tan(x+y) - sec (x+y)-x=C

Example-9: - Find the particular solution of %

d
Ans: -2 = cos?y
dx

d
=> 3; = dx
cos2y

=>sec’ydy =dx

Integrating both sides we have,

=>[sec’ydy = dx

=cos?y, y= % when x = 0.
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=> tany = X + C---------—--- (1) (general Solution)

Now putting x=o0 and y = % in equation (1) we have,

= tan% =0+C =>C=1 ---- (2)
From (1) and (2) we have,
tany = x+1 (Ans)
Example-10:- Find the particular solution of (1+x)y dx + (1-y)xdy = 0, Given y=2 at x=1.
Ans:-(14+x)ydx + (1-y)xdy =0

=> (1-y)xdy = - (1+x)y dx

=> 1_Tydy = — &9 gy
= G—l)dyz —G+ 1)dx

==ty = =1 (1)
=>logy -y = - (logx + x) + C (general solution)-------------- (2)
Putting x=1 and y =2 in Equation(1) we have,
=>1log2-2=-(logl +1) +C

=>log2-2=-(0+1)+C=-1+C

=> C=log2-1 -(2)
From (1) and (2) we have,
logy -y =-logx - x + log2 -1
=>logy -y + logxk + x=1og2-1  (Ans)

Linear Differential Equation

A differential equation is said to be linear, if the dependent variable and its
derivative occurring in the equation are of first degree only and are not multiplied together.

Example: -i)Z—z + y = sinx

nd
Il)ﬁ + ytanx = secx efc.
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General form of linear differential equation

The general form of linear differential equation is given by,
Dy Py = Qislineariny and 2
dx y dx’

Where P and Q are the functions of x only or constants.

This type of differential equation are solved when they are multiplied by a factor, which is called
integrating factor (I.F.).

|L.F. = e/ Pdx

Then the solution is given by y (I.LF) = [ Q.(I.F.)dx + C.

If equation is given in the form

dx : . . dx
d_y + Px = Q , where P and Q are functions of y only or constants and is linear in x and d_y :

then
ILF. = elPdy
Then the solution is given by x (I.F) = [Q.(I.F.)dy +C .
This can be better understood by following examples.
Example-11: - Solve (1 + xZ)Z—i’ + 2xy = x3(2014-S, 2016-S, 2017-W ).

Ans: -(1+ xZ)Z—z + 2xy = x3

d 2 3
=3 xy _ x

TTdx T (1+x2) T 1+x2

By comparing with the general form of linear differential equation % + Py =Q.

x3

HereP=—22_& Q=

(1+x2) T 1+x2

2x
Now integrating factor I.F. = e P 4* = oGt (putting 1+ x? =t =>2xdx = dt )

e
=elt =eM=t=1+x2
Solution is given by

3
1;2 1+x%dx +C  x3dx+c

yXxILF.= [Q.(I.LF)dx +C ={
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X

4
= y(A+x)=T+c

x4 c

=—F+
4(1+x2)  1+x2

oo y
. dy _ _—x
Example-12: - Solve LTy =e

Ans: - By comparing the given equation with general form of linear differential equation we
have, P=landQ=e™*

LE. = e Pax = pf Ldx = px
Solutionis y.(I.F.) = [Q.(I.F.)dx +C
=fe*e*dx +¢
=>ye* =[l.dx+c=x+c
=>y =xe " +ce™™

Example-13: - Solve (1 — x2) 2 — xy = 1(2017-S)

Ans:- (1 —xZ)Z—z—xy =1

dy x 1
=>— — =
dx 1-x2 y 1—x2

Comparing with general form we have,

P=- and Q =

1
1—x2 1—x2

Now I.F. = ef Pdx = of 12 (Putl—x%=t=> —2xdx =dt => —xdx = %)

= ef‘zi_z = e%lnt = eln\/E = \/f
N~
Solutionis y.(I.F)= [Q.(I.F.)dx +C

=>yV1—x2 = f1_1x2\/1—x2dx +C=] _1d_xxz+c

=sin"Ix +c
Hence solution of the differential equation is given by

_ sin'1x+ c
Y V1-x2 1-x2

(Ans)
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Example-14 ; - Solve % + y cotx = cosx.
Ans:- By comparing the given equation with general form,
P=cotx and(Q = cosx
|E. = e/ Pdx = pfcotxdx = plnsinx = giny
solution is given by y.(I.F.) = [Q.(I.F.)dx +C
=>y.sinx = [ cosx sinx dx + ¢ (put sinx =t => cosxdx = dt)

sin?

2

X

t2
=ftdt+c=—+c=

Hencey = ==+ ﬁ (Ans)

Example-15; - Solve % + y secx = tanx. (2017-W).
Ans: - Comparing the given equation with general from of linear equation.

P =secxand Q =tanx

|.E. = e/ Pdx = ofsecxdx
— eln(secx+tanx)
= secx + tanx

The solution is given by, y.I.F.= [Q.(I.F.)dx +C

=  y(secx + tanx) = [ tanx.(secx + tanx)dx +C

[(secxtanx + tan?x)dx + C

[(secxtanx + sec?x — 1)dx +C

=secx +tanx —x +c¢

Hence y=1—- ———— 4 ——~ (Ans)

secx+tanx secx+tanx
Examplel6: - Solve (x +y + 1)3—;: = 1.
Ans:- (x+y+ 1)%= 1
= (x+y+1dy =dx

= (x+y+1)= Z—;
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s dx _
=> v x+y+1)

R
=> i x=y+1

Now comparing with the general form Z—; + Px =Q , we have,
P=-1&Q=y+l

Now I.F. = e/ PV = ¢ -1dy = o~¥

The solution is given by
x(I.LF.)= [Q.(I.LF.)dy +c

> xe V= [(y+1).e?V+c
=G+ [y = [ e (H0+ D) ay e
=(+D(e?)—[—eV.ldy+c
=—eVy+1D+(—e)+c

=—eVy+1+D+c=—eVy+2)+c

Hence x=—-y—2+ce¥ (Ans)
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Exercise

Question with short answers (2 marks)

1. Find the order and degree of the differential equations.
. d%y dy. 343
) aZ2=[1+ (5’72 (2016-S)

iy L2 = (D (2019-W)

dx?
R
ii) =X =[x+ (55 (2015-5,2017-W)
2
iv) 22 = L (2014-S)

da? /1+%
azy (Y2 _ o, = .
V22243 [1- ()2 -y =0. (2017-5)

. Ay d3y
vi) (D2 +yP= 3

2) Solve the following

i) 2 = e*+¥ (2019-W)

dx
. d 2
i) 2= =2
dx x2+1
L dy
) — = tan
) = y

iv) cos?x dy = cos?ydx
V) ydx = xdy
Questions with long answers (5 marks)

3) Solve the following

) (1+2x2) 2+ 2xy — 4x2 = 0 (2019-W)

ii) Z—z + ytanx = secx (2015-S)

i) x(1 + y*)dx —y(1 + x?)dy =0 (2015-S)

. dy _ x
|V)dx y=e
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V) (% = 1) 2 + 2xy = 1.(2016-S)

VIV (2014-S)

vi) & =
dz V1-z2

Vii) Z—z + ycotx = 4xcosecx (2017-S)
334y _

viii) (x + 2y )dx =y.

iX) (e¥ + 1)cosxdx + e¥sinxdy = 0.

X) sinx siny dy = cosx cosy dx

xi) & = 2y
dx xXy+x

Questions with long answers (10 marks)

4) Solve the following.
N ox [1 2 Y v = -
) e*\T—yZdx+2dy =0 (2014-S)
i) coszxZ—z +y =tanx. (2017-S)

i) cos(x +y)dy = dx.

Answers
1)i)2,2 ii)2,3 iii) 3,2 iv) 2,2 V) 2,2 vi) 3,1

2) i) —eY =e*+cii) Iny =2tan™1x + ¢ iii) log(siny) = x + ¢

iv) tany-tanx=c = v)Z=c
. 2y _ 4x3 . _ G 14y
)N y(1+x°) = St i) ysecx = tanx + ¢ iii) 2= C
iv) y = xe* + ce* Vyx?-1)=x+c vi) sin“t(yV1—zZ —z/1—y?) =c¢
vii)ysinx = 2x% + ¢ viil) x = y3+cy ix) sinx(e? +1) =c
X) secy cosecx = ¢ Xi) cx = ye¥™*

4) i) J1—y2=e*(x—1)+cii) yetd™ = ' *(tgnx — 1) + ¢

i) y = tan (=2) + ¢
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Multiple Choice Questions

Q.1 The value of « for which the vectors @ = 3% + 2j + 9kand b=1i+a j+ 3k are
perpendicular is

a) 10 b) -10 c) 15 d) -15
Q2. Ifthe vectors @ = a i + 3j -6k and b =i - j + 2k are parallel then the value of « is
a) -3 b) 3 c)-4 d) 4

Q3. A unit vector in the direction (d+ b) whered = § +2j-kandb== 1 - 2j + 3 k is equal to

a)l i

14 1 . 1 £ 2 . 1 4
> +Ek b)v_il +—2k C)v_§l+_k d) None of these

A 3
Q4. If points A and B have the following co-ordinates A(3,0,2) , B(-2,1,4) , then the vector AB is

a)5i + j + 2k b) -5 -2j + 2k c)-5( +j + 2k d)-5¢ -j-2k

Q5. A unit vector parallel to the sum of the vectors 31 -2 +k and -2 +j - 3k is

2

ali Ll .2 d
L 5

NG

1

.1
=)

6

k b) =i + k c)Tlgi-ZE d)

c:xl"k
—
+

B
B
B
al=

Q6. The scalar projection of @ = (- 2j + k) onb = (4i - 4] + 7k) is

a)% b)§ c)% d)1—79

Q7. The unit vector along i+ j + kis

+j+k +i+k +i+k
) b) =Lt B

d) None of these
Q8. Thevalueof (i +2j-k) .(i+ j + 2k)is
a) -1 b) 1 c) 2 d) -2

Q9. Two forces act on a particle at a point. If they are (4i + j - 3k) and (3t +j - k) , then their
resultant is

a)7i + 2j - 4k b) 71 - 2 - 4k c)-7i + 2f - 4k d) -7i - 2j - 4k
Q10. The magnitude of 5 + 3j - 2k is

a)V35 b) V37 c) V38 d) V40

Q11. The value of lim,._,+ % is

a)-1 b)1 c)0 d) None of these
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Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Q18.

Q109.

Q20.

Q21.

2x

The value of lim,_,.—— is
3+4x

a)-1 b) 1

. x%2-p2 .
The value of lim,_,, s

1

a) b b);b
. x3-8 .
lim,._,, —5 s equal to

a) 4 b) 3

. Vx—-1.
The value of lim,_,, % is

a) 0 b) -1

The value of lim__s [x] is
x—>§

a) 2 b) 3
The value of limg_,, % is
a) 2 b) 2
IFf(x) =22
a) 8 b) 4
The value of k for which f(x) = 22/
a) +2 b) + 7
The value of lim,_,, Zx;i’i“ is
a) 3 b) 3

The slope of the curve y = gxz atx =2

10 20 5 25

c): d)-
c) 2b d) -b
c) 12 d) 6
c)1 d) does not exists

c) 25

)1 d) 0

16 , X # 4 is continuous at x = 4, then the value of f(4) is

c) 10 d) 16

, X # 0, f(0) = 1 is continuous at x = 0 is

c)o d) 71

c) 2 d)1

d) None of these
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_ 1—cos2x d_y .
Q22.Ify= /1+cos e then - 1S

a)tanx b)cotx  ¢)sec?x d)-cosec®x

Q23. The derivative of x w.r.t tan x is
a)sec’x b)cos®x c¢)—tan®x d) —cot?x
Q24.1f x=4t,y=1t? ,thenZ—zis
a2 b)s : d)3

Q25. Ify = V1 — cos 2x, then% is

a)2sin2x b)+v2cosx c¢)-v2sinx  d) None of these
Q26. Ify = m,thenj—zis

a)cosx b)sinx ¢)0 d) None of these

Q27. The derivative of sin x° is

a)cosx® b) 1%0 cosx® c)msecx®  d) None of these

Q28. If y = log (tan x) , then 2 is

1 1 2 2

a) b) ) d)

sin2x cos2x sin2x cos2x

Q29. If y=sin"tx + cos~1 x, then Z—z is

al b)-1 ¢)0 d)2
Q30. If x2 + y2 = a?, thenZ—i is

X X

a)ZX b) 0 C) ; d) - ;

Q31. Ify=log, x theny, is
1 _1 —y2
a)x b) e c)x d) x

d?y X .
Q32. — wheny =e*sinx, is
dx?

a)2e*cosx b)2e*sinx c)e*cosx d)e*sinx
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Q33. If y=In(sinx), theny;is

a)cot x b) tan x c) sec’x d) —cosec?x
Q34. If y=eS"' % then (1-x2) y, - xy1 is equal to

a) y b) -y ¢)0 d) Noneofthese

Q35. Ify =tan" ! x, then (1 + x2) y2 +2xy1 is

1 1
a)1+xz ) T 14x2

01 d)0

Q36. The function whose 2™ derivative is itself is

X

a) X b)logx c¢)e d) non of these
Q37. If f(xy) = e*Y, theny. z—f] —x.ZLis
a)2x e™ b) 2ye*Y c)0 d) None of these

— tan—17Y 9z .
Q38. If z=tan (x) then == is

x
x2+y2

b) — 52 )

x2+y2 x2+y2

a)

e
Q39.1f2=fC) , then Z—i is

D=5 /) B Ef'Fly) 9)=zf'*/y)  d) None of these
Q40. If z=x%y + xy?, then Z—f] is

a)2xy+y%2 b)x?+2xy ) 2xy d) 4xy

Q41 .1f z=sin (*/y) then Z_;Zc is

a)% cos(*/y) b) —%cos */y) c) cos (*/y) d) ) None of these
Q42. fsinzg dx is equal to

a)%[x -cosx]+c b) %[X -sinx] +c c) (x-sinx) + ¢ d) (x-cosx)+c

Q43. Evaluation of [+1 —sin2x dx is

a)(sinx +cosx) +c b) sinx-cosx+c¢ c) -sinx+cosx+c¢ d) None of these
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x? .
Q44. [ ——dxis
a)x+tan lx+ ¢ b)tan™lx + ¢ o2tan"tx+ ¢ d)x-tanlx+c
Q45. [loge*dx is

2
a)x?+c b) 2x% + ¢ A)x?+ ¢ d)(x?+1) +c

n+1
Q46. The value of ‘n’ for which [ x"dx = );T + c is not true is
an=1 byn=-1 c)n=0 d) None of these
X X .
Q47. [ sinz .cos3 dx is
1 1 . 1 1 .
a);cosx+ c b)E sinx + ¢ c)—5c05x+ c d) —5sinx + ¢
Q48. The value of [ e(sin™"x+cos™x) gy g
a)ez x +c b) x +c cez+ ¢ d) None of these
Q49. The value of [|x|dx , when x < 0 is
xz xz 2 2
a)7+c b)—7+c x4+ c d) —x*+ ¢
Q50. [ 2**2dx is
2% 2% 2%
a) 2.@ +c b) 4. Tog2 +c c) 8. Tog2 +c d) None of these
Q51. The value of [ sin?x d(sinx) is

in3 in2 2 3
sin~x sin“x cos~ X CcoS X
b) )=

a) +c S tc +c d) +c
Q52. Evaluation of fogsinx dx is

a) -1 b) 1 c)0 d) 7
Q53. The value of flz x3 dx is

a) g b) 14—5 C) % d) None of these

Q54. The value of f_43|x|dx is

o8]
N
~ |
=3
—
N |
(@]
—
|
o
N
|
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Q55. The value of ff[x]dx is

a) 1 b) 2 c) 3 d) 4
1 dx .
Q56. The value of [ —is
a) 7 b) 0 )7 d) None of these
4dx .
Q57. The value of | N
a) 6 b) 4 c)8 d) 10

1 .5 1 2 1 .
Q58. The value of [ sinx dx + [, cos® x dx - [, dxis
a) 0 b) -1 c)1 d) None of these

Q59. The area bounded byy =x,x=0&x=11is
a) 1sg.Unit b) % sqg. Unit  ¢) % sq. Unit  d) None of these
Q60. The area bounded by the curve xy = k?, the x-axis and x = 2, x = 3 is
a) k? logg sq.unit b) k?log2 sq. Unit c) k?log3 sq. Unit d) k? log;sq. Unit
a3y

Q61. The order and degree of the differential equation (2—3{’)4 +y° = - is

a) 3and1 b)3and 4 c)land4 d)land3

Q62. The order and degree of the differential equation % =k[1 +(Z—i)2 ]is

a) 2,2 b) 2,1 c) 1,2 d 1,1
Q63. The order and degree of the differential equation % = /3 + Z—z

a) 2,2 b) 2, 1 c) 1,2 d) 1,1

Q64. The degree of the differential equation % = fz is
dx

a) 3 b) 2 c)1l d) None of these

. ay _ x.
Q65. The solution °fa = is

2
a) x> +y?=c b)x?+y2=c Ay —x*=c d)-y*—-x?=c




209

Q66. The solution of |4 + Z—i’ =2is
a) y=x+c¢ b)y=c Oy+x=c d)x=c
Q67. The solution of Z—z = sec’x is
a) y=2secx+c b)y=cotx+c c)y=tanx+c d) y = cosecx +c
Q68. The integrating factor of the linear differential equation % + (secx)y =tanxis
a) sec x +tanx b) cosec x — cot x C) tan x + cot X d) None of these

Q69. The I.F of the linear differential equation % + % y=XxIS

a) x2 b) x3 O)xt d) x
Q70. The solution of the differential equation Z—; + 1:;2 =0is

a) sin"'x+sin"!y=c  b)cosTlx—cosly=c

c)sin"lx — sin"ly=¢ d) None of these
Answers: -
Q1. (d) Q2. (a) Q3. (b) Q4. (o) Q5. (a) Q6. ()
Q7. (a) Q8. (b) Q9. (a) Q10. (¢) Q11. (b) Q12.(c)
Q13.(c)  Q14.(c) Q15. (d) Q16. (a) Q17. (b) Q18. (a)
Q19.(d)  Q20.(a) Q21.(b) Q22. (c) Q23. (b) Q24. (b)
Q25.(b)  Q26.(d) Q27. (b) Q28. (¢) Q29. (¢) Q30. (d)
Q31.(b) Q32.(a) Q33. (d) Q34. (a) Q35.(d) Q36.(c)
Q37.(c) Q38. (b) Q39. (a) Q40.(b) Q41.(a) Q42.(b)
Q43.(a)  Q44.(d) Q45. (a) Q46. (b) Q47.(c) Q48.(a)
Q49.(b)  Q50.(b) Q51.(a) Q52.(b) Q53. (b) Q54.(a)
Q55.(c)  Q56. (a) Q57.(b) Q58.(a) Q59.(b) Q60.(d)
Q61.(a) Q62. (b) Q63.(a) Q64.(b) Q65.(c) Q66.(b)

Q67.c)  Q68.(a) Q69.(b) Q70.(a)
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